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Summer , 1966 ,, The Maryland Elementary Mathematics Inservice Program 
1[MEMIP) initiated the develepmental phase of its work during the summer 
of 1966. The work was conducted at the University of Maryland by a 
summer staff consisting of the Director, two Ass#ciate Directors, one 
Research Associate, two Graduate Assistants, and tu# Research Assistants, 
The project team included two college professors in mathematics education, 
the state supervisor of mathematics in Maryland, two graduate students in 
mathematics education, and two elementary school teachers from the 
Frederick, Maryland, public school system. A list of the staff members 
is contained in Appendix A. 



The unique commitment of MEMIP is to a conceptual structure whose 
axioms of organization are psychological — the organizing unit for a 
set r-r instructional materials can be reliably observable human beha,vior. 
Efforts directed at the development and ifaplementction of instructional ' 
materials in mathematics up to the time of the MEMIP effort have not 
specified the desired behavioral outcomes of instruction. Make no mis- 
take, objectives are often stated, but these descriptions are not behav- 
ioral descriptions. Furthermore, content has been the building block 
for curriculum. One need wnly ask how the decisions are made to include 
c ' exclude topics to make the case for the dominant role of content. 
Content selected for ‘’historical’* reasons, or “logical” reasons, or 
“practical” reasons, or “updating” reasons have dominated the organiza- 
tion of instructional materials in mathematics. 



The behavioral orientation of MEMIP focuses the instructional pro- 
grams unequivocally upon learner outcomes. This is not to argue that a 
content organization will not also accomplish this focusing upon the 
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ing makes such an orientation inevitable. Once the behavioral expecta- 
tions are specified, success or failure rests entirely upon whether the 
learners are able to exhibit the desired behavior after instruction. 
Another benefit which is realized from the behavioral description of 
Instructional #utc<^mes is the potential for organizing the desi' ed 
behavd.ors in sequences designed for the high probability acquisition by 



the learners. 



It is one thing to postulate that behavioral description for in- 
service mathematics instruction can be constructed and quite another to 
actually demonstrate suck a product. Of the summer staff which began 
working 5.n 1966, only tw*» members had ever actually constructed a behav- 
ioral objective. The staff was for the most part naive as to the mechan- 
ics of behavioral description, its benefits, and its proposed relation- 
ship to the development of the instructional materials — at the same 
time their mathematical sophistication was more than adequate to the 
proposed level of mathematical development* 

The first task of the project was to help each staff member acquire -- 
the behaviors related to being able to make a behavioral description and 
being able to construct a behavioral hierarchy ( sequence of dependent 
behaviors intended to optimize acquisition). The program for acquisition 
of these behaviors was initiated by viewing and responding to a self- 
instructional program on behavioral objectives. The program was presented 
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in the form of a synchronized filmstrip and tape recording. A concurrent 

reading assignment included Mager* s“^ programmed text on preparing behav- 

ioral objectives and Gagne* s volume on learning. As a resxilt of this 
audio-visual program and the supplementary readings, the staff members 
were now able to distinguish between the description of a behavioral 
objective and a non-behavioral objective. This first and simplest of the 
behaviors prerequisite to beginning the development phase was acquired by 
each staff member during one working session. So much for the simplest 
task. 



The potential use of behavioral objectives v;as now raised with the 
staff. The expected, and obtained responses, were related to minimizing 
the likelihood of misinterpretation in the intent ®f an objective and 
providing an observer with a means of being able to identify the learners 
who have successfully acquired whatever the instruction intended the 
learners to acquire. 

The behavior of being able to construct behavioral objectives — the 
basic performance xi/hich each staff member needed to perform if the project 
was to succeed — was the next behavior to be acquired by each of the 
MEMIP staff. The first recognition elicited in the acquisition of the 
construction behavior was to recall that performance in English is de- 
scribed by means of a particular part of speech — verbs, of course. 

Hence, if behavioral objectives are to be descriptions of reliably 
' observable human performance, then every objective must contain a verb. 

In fact, since it is performance or action which is being described, the 
verb must be an active verb. The identification of active (or action) 
verbs as the principal source of performance description followed quickly 
on the heels of the verb acknowledgment. At this point, the staff had 
begun to actively play the "behavioral game." 

But how many action verbs are there in English? Certainly there 
are a finite number, since the set of action verbs is a proper subset 
of the set of English words which is Itself a finite set. Although the 
number of action verbs is finite, it is still a rather large number. If 
the purpose of behaviorally stated objectives is tj reduce the amount of 
misinterpretation by describing specific beha^/ior, then it would be useful 
to reduce the number of action verbs to a minimum collection and provide 
an operational definition of each verb. An added constraint on this 
reduction is that the consolidation must occur without reducing the variety 
of learner behavior it is possible to include as instructional purpose. 

This task was accomplished by confronting the staff with a series of 
structured instructional settings. Each of the instructional segments 
included* (1) providing a set of materials for each staff member, 

(2) requesting each individual to exhibit some specific performance, 

(3) requesting one or more additional performances using the same 
materials but different verbs, (U) asking the staff to identify and name 
the verbs which initiated each of the performances they made, {$) obtain- 
ing the acknowledgment that the performances exhibited were similar, 

(6) listing the action verbs which could serve as behavioral synonyms for 
one another, (7) operationally defining a behavioral class by selecting 



Robert F. Mager, Preparing Instructional Objectives , Palo Alto* 
Fearon Publishers , 1962 . 

Robert M. Gagne"^ The Conditions of Le arning , New York* 

Holt, Rinehart and Winston, Inc., 19^S. 









anH “"® **'® behavioral synonyms listed. 

The action verb classes of behavior developed with the staff were 

collection described by Walbesser.^ An approximation 
qpri^h develop the behavioral action verbs is de- 

found ?n r ^ Instructional Program for Teachers 

K ?• The operationa. definitions currently being used 

y MEMP are described on pages six through eight of Session II. All 
objectives of this project now contain one of the action verbs from 
uiia.s list# 

^ ^The construction of behavioral hierarchies remained the onlv behavior 

°e bhe working staff before the development stage could 

rarchy was constructed by each staff member who was 

rPia+pS +« +v,« '""X‘r" Ail® oxA objectives were 

related to the description and identification of two dimensional projections 

the objects. The intent of this activity was to illustrate 

of objictives! ®®" ® psychological ordering and a logical ordering 

'Ion n^+»r^”!^^ identification and descrip-- 

+<nn tasks for the inservloe instructional program. The Ques- 

tion which confronted the JffiMIP staff at this point was whit terSnal 

rt^ltill elementary teacher in- 

struction. The first few discussions attempted to describe terminal taql<-Q 

^‘>® -"a^he^Slal c^?eLiel 

an elementary teacher should possess. 

three^ildi^iLls)^™*L5* "f®, devoted to squall group (two sr 

behavioral hierl^chr, prellnUtiortrthe''lltoe SoS^niflf til 
in tll^lljllt'^iroA^^^lr^o^ dependence, and termination 

ThpQo^o^^ strategy of exploration led to a number of specific excursions. 

clllirlirtellifnil? eharacteri^ed by saying they were attemllAI 
construct behavioral hierarchies related to the performance of specific 

arithmetic operations. Although these efforts did not yield usable 

hierarchies, they did provide the staff with valuable experience in con- 

f'lllrll • II® ®"^®=^djnent, these first attempts might be: termed 

prlelir’ Thill not yield behavioral hierarchies used in the 

program. These "failures*', however, did pay handsome dividends Asa 

ISlinill ^'’® terminirS'and tie 

aid lldlled!“*^°" subordinate behaviors were identified, constructed, 

tatlol^'l ^irst terminal task accepted by the staff related to the presen- ^ 
III II explanation of algorithms. This is a reasonable choice when 
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Curriculum Evaluationi Observations on a Position," 

Si® §gj:®nce Teacher , 33»3it-39^ February, 1966. 
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A first approximation of the algorithms Hierarchy was presented ty \ 

the staff late in the summer of 1966, The analysis ^ discussion, and \ 

challenges that followed its first presentation put the hierarchy through ) 

a thorough examination which led to numerous revisions. The current \ 

working edition of the algorithms process hierarchy is presented as \ 

Appendix C, i 

The terminal task of the algorithms hierarchy is actually a triple | 

of behaviors that the teacher will be able to exhibit after being exposed I 

to the algorithms instructic 9,1 sequence. The three behaviors which 
constitute this terminal task represent the desired instructional output I 

of the subordinate behavioral sequence. This triple includes (1) demon- i 

strating the procedures of an algorithm as they would be carried out by a \ 

machine, ^ ^ 2) constructing a convincing explanation ^^or each procedure of I 

an algorithm wnich appeals to observations based upon physical situations, \ 

and (3) constructing an explanation for each procedure of an algorithm ^ 

that appeals to agreed upon rulRs of the "convincing game," 5 

.7 

The first of this triple of terminal task behaviors describes a 
familiar activity of elementary teachers — the literal demonstration of the ^ 

procedures of an algorithm with no explanation of how or why it works. 

Unfortunately some instruction in algorithms at the elementary school level i 

never proceeds beyond this mechanical level. The second behavior describes 
the activity of explaining how an algorithm works by relating the explana- 
tion of each procedure to observations of physical situations. This is 
another familiar activity of the elementary teacher when teaching an ? 

algorithm. The third behavior, explaining the procedures of an algorithm 
by means of rules of the convincing game, represents those behaviors more i 

characteristic of a contemporary mathematics curriculum with its appeal | 

to the field properties and mathematical structure. This third behavior I 

IS the one which the elementary teacher has most likely not acquired and j 

yet^ in many vjays^ it is the most critical to successful instruction in i 

elementary mathematics today. 

The subordinate behaviors in the algorithms hierarchy reflect this 
same triple of constructing and demonstrating behaviors, but are associated ’ 

with a particular operation within a specified number system. The final 
task differs from the subordinate ones in that any algorithm could be 
presented to the teacher and he would be expected to be able to exhibit 
these specified behaviors without instruction. 

Subordinate to the algorithms hierarchy behaviors are the convincing 
game rule behaviors. The behaviors associated with the identification and f 

naming of the field properties are developed in the context of game rules I 

for two reasons, ^ First, games provide a vehicle for identifying the prop- I 

erties in a setting which promotes individual investigation and immediate I 

application of the identified rules. Second, the departure from a formal I 

mathematical presentation to a game presentation reduces the "mathematical I 

anxiety" which often accompanies mathematical instruction for the elemen- I 

tary teacher. The development of the game rules are found as Sessions IV I 

and V in Appendix B, I 












The initial development plan which was 
was first to identify the terminal tasks for the instmctional irateri Is. 

The identification would then be followed by the construction ® 
ioral hierarchy for each terminal task. Once a hierarchy was const, uc 
the instructional sequence would be determined by 

least complex behaviors in the hierarchy, designing instructional materials 
to help tL learner acquire the specified behaviors, and repeating the pro- 
cess UP through the sequence until the terminal task is reached. The ^ 
instructional materials were to be selected by adopting existing materials 

from commercially published volumes and available resZrce 

A collection of possible so’irces was . gathered as a library of resour. 
volumes. A partial lisP of these volumes are iistea as appendix i». 

The search of the resource volumes has not proven to be as useful 
as was anticipated. It soon became apparent ir the ® 

algorittims material that little or no instructional material Pro^^®d 
in the available volumes about elementary school mathematics which would 
aid the elementary teacher in acquiring either of the 

iors. What is more, little variety was found in the material devoted to 

the demonstrating algorithm behavior for any of the ?P®°J:fi/ 

as the sett-^ng for the subordinate behaviors in the algorithm hierarchy. 
Whaf could be^doL to add the needed richness in the algorithms to be used 
for instruction? This problem was resolved by . 

literature to include historical sources (principally mathematical texts 
which are not contemporary or algorithms which have historical curiosity) 
and the periodical literature, 

T?aVi Semester 1966 - j 7. The field tryout phase of the pilot study was 
init iated ' g urinF^e“?^H semester of the I 966-67 school year. The ^^^^t 
S^r decision to be made with respect to the field tryout phase concerned 
th= =c"-e of the investigation. Two strategies were considered. One 
called for the investigation of the validity of the entire algorl hms 
hierarchy. The second strategy called for the investigation of 
segments of the algorithms hierarchy. The purpose of the more l^ted 
investigation would be to evaluate the format of 

design of the immediate assessment measures. The staff decid d P 

the Second tactic since it possessed a variety of obvious advantages. 
Perhaps the most important one was that such an investigation 
an adequate trial of the instructional and immediate 

Once this step was completed it would be possible to test the validity 
the behavioral hierarchy without the confounding error of difficulties 
with the instructional format. 

Segments of the algorithms process hierarchy were selected as the 
trial behaviors to be studied. The sections selected were the sessions 
on the gL^rules, the acquisition of the triple of beha;^ors related to 
the addition of whole numbers algorithms, and the acquisition 
triple of behaviors related to the addition of integers algori ms. 

The instructional decision nas made that for each algorit^ triple 
(the two constructing behp-lors and the demonstrating 

different aler^i. ^or the operation would be presented to the teacher., 
and a th:ir<? Algorithm for the same operation would be used as an assessment 

measure# 
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The next decision to be made was concerned with the format of the 
instructional material. The instructional materials could be presented 
in a variety of forms, each with some advantages. After discussion and 
examinabion of various alternatives by the staff, it was decided that 
the instructional materials would be written in a narrative and con- 
versational form rather than the more formal textbook dialog, A second 
characteristic agreed upon was that the reader would be required to 
respond at various intervals. The responses vrould not be as frequent 
as a self -Instructional program, but would rather focus upon the key 
decisions to be mads during instruction by the learner. The advantages 
of this form are two-folde (1) the active rather than passive participa- 
tion of the learner is promoted, and (2) the learner (the elementary 
teacher) will be ablp to review the area ef lutobruobion weeks or months 
later with the key decisions contained instructionally in the body of the 
text. These instructional materials could be used after a session had 
been taught to the elementary teacher, or the instructional materials 
could be used independently. Each of the sessions used in the pilot study^ 
are included in Appendix B as second experimental editions. Four additional 
sessions are included in Appendix B as first experimental editions. 

The critical involvement of behavioral description led to the decision 
that the first three sessions for teachers be devoted to the description 
and construction of behavioral statements, the operational definitions of 
the action verbs used by the project, and the construction of behavioral 
hierarchies. The rules of the convincing game are developed in the next 
two sessions with the use of two games. The remainder of the sessions 
for the tryout consist of the algorithms for adding whole numbers and adding 
Integers, For each of these operations on sets of numbers two different 
algorithms are demonstrated along with the constructing of convincing ex- 
planations based upon physical situations and the rules of the convincing 
game, A third algorithm is then used for assessment of each operation. 

An assessment of behavioral acquisition is provided after each instruc- 
tional segment. These measures of behavioral acquisition involve new 
materials so as to provide a change of stimulus. Direct recall of the mate- 
rials in the instructional segment is not tested. The behavioral acquisition 
of the learner is assessed, since the concern is with behavioral acquisition. 

The fall staff of MEMIP consisted of the summer staff and two new 
graduate assistants. The two elementary teachers from Frederick met once 
a week with other members of the staff before the tryout of materials. 

Two classes of elementary teachers from the Frederick schools were taught 
most of the pilot study materials by the two Frederick teachers who served 
as project staff members. Their performance was observed by another member 
of the project and a recording of various participation dimensions was 
tallied, A copy of the instructional observation data sheet is included 
as Appendix E, The data provided by these observations served as one 
source of objective feedback which has helped to guide the revision of the 
instructional materials. 

Characteristics of the 28 Frederick teachers participating in the 
pilot study are summarized in the fo Hoiking data descriptions. The median 
number of semester hours of mathematics courses was 5 hours with a range 
from 0 hours to 27 hours. The mathematics methods hours revealed a median 
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years of teaching experience varied from 0 ^ars to to ^ar = L 

eleLntr^'t suggests that the pilot study sample ^f^ 

elementary teachers was reasonably reDresentat-fw m-?+k +u ^ 

^thematics preparation and teachLrKietc1"nf^ouW%nSL°" 
throughout the State of Maryland. encounter 

The instructional materials were used in two different waves cq^o* 

^ was distributed to both groups of elementary teacxhers without instructlL 

teachers reacted W^o^t^favorV^lyl: 

tTf<. format of the instructional materials was also very useful for tha 

two elementary teachers who taught the remaining sessions 2 thfpiLft 

tant thaf thr^' ®l®"i®ntary teachers also felt that it was iirpor- 

they taught the'too°g^ups oTeLm^ntory tL^L'rL"""'" 

rules, etna tne vadarcion of whole numbers The t-pq,i1 + o rv-p ^ ^ 

are presented in Tahia t n^oers. me results of these assessments 

sss “ -“4X"S:- 

ReSiinn. ' - ! ^ °5 construct a behayioral objectiye 

t.L:: e^J^eri^nce^T^^^^ 

(1) beine^^le to‘^ident?f the game rules sessions are 

y.. jhf y:,“ “ =;rLT:Ay“rL'S-- 

results of the behavioral assfssment tor the toLt obi»n?" 

encouraging tor a first trial wit^a tovef of aco,'^to,-« 

on the assessment for the second and ’’rVviT'H nVi • +• ^ ion. The results 

With approximately 5^ and 30^ aoquMof iefiL“'obllr:el Z Objef ?i^sT" 

«TJSAS.rh.xruS"„”‘ ^ 

game rule assessment is included in Appendix B aftpr qpQ<=-?n \r 

SAfSjSr; ri”?’ 

both the hypotheses that the difficulty was in the failurf of 

and in the lack of clarity of the first leisure! of thrLsL oTthlf°'’ 
information as well as the tryout feedback it wao ^ f ^ 

new g^e which should enhance the acquisition of the dlsfef bllSs^ 

This game is included as Session IV in Appendix B. aenaviors. 
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Objectives 1 and 2, the demonstrat_..g behavior and the constructing 
explanations behavior with physical situations related to whole number 
addition, were attained by more than half of the teachers. This is not 
unacceptable as a level of acquisition for the first trial although 
revision is clearly needed. The constructing behavior related to the 
application of the game rules did not meet with equivalent success. The 
level of acquisition for Objective 3 was about and such result can 
only be described as a disaster# As anyone who has workeu with elementary 
teachers might have h; 7 potnesi?;ed, this is the most difficult of the behav- 
iors for the elementary teacher to acquire and, therefore, such a result 
on a first trial is not unexpected* Copies of the immediate assessment 
instruments are included at the end of the appropriate sessions in 
Appendix B* 

The second experimental edition makes use of these behavioral 
acquisition data to correct weaknesses identified in the desired behav- 
ioral acquisitions intended of this collection of instructional materials# 

The progress of the pilot study teachers toward acquiring the 
desired behaviors of the tryout sessions was also assessed by a terminal 
measure administered at the final pilot study session. The presence or 
absence of the behaviors described as instructional objectives for the 
sample sessions was tested by means of tasks on this terminal measure, 

A copy of this instrument li included as the last item of Appendix B# 

The behavioral acquisition data for this measure is reported in Table II, 
The level of acquisition for each of the behaviors was greater than ^'C^S# 
These data indicate that the teachers demonstrated substantial progress 
toward acquiring the desired behaviors# 
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Maryland Elementary Mathematics Inservice Program (MEMIP) Staff 



Director 

Associate Directors 



Research Associate 
Research Assistants 

Research Assistants 



Consultants 



- Dr. James Henkelman^ Assti Professor Mathematics and 

Edmcatclon, University of Maryland 

- Mr. Thomas Rowan, State Supervisor of Mathematics, 

State of Maryland 

Dr. Henry Walbesser, Asst. Professor Mathematics and 
Education, University of Maryland 

- Dr. Robert Ashlock, Asst. Professor Early Childhood- 

Elementary Education, University of Maryland 

- Mrs. Sandra Shockley, Teacher, Frederick County, Maryland 

Mrs. Carol Young, Teacher, Frederick County, Maryland 

" Mr. Thomas Bennett, Graduate Assistant Mathematics 
Education, University of Maryland 

Mrs. Sada Chernick, Graduate Assistant Mathematics 
Education, University of Maryland 

Miss Arline Engel, Graduate Assistant Mathematics 
Education, University of Maryland 

Miss Roberta Engel, Graduate Assistant Mathematics 
Education, University of Maryland 

- Dr. John R. Mayor, Professor Mathematics and Education, 

University of Maryland 



Mathematics Education 



Seminar 



- Mildred Cole, Marvin Cook, William Gray, Rufus Jones, 
Genevieve Knight, Ilene Lasher, Ronald McKeen, 
William Moody, Neil Seidl 
















Second Experimental Edition 

APBSNDEC B 
SESSION I 

ORIGINATING THE HIOELEM 

Note I On this page you may respond by writing on the blanks provided. 

Do you recall the word association game? You know, the game is played by 

someone saying one word, and then you respond by saying the first word which 
occurs to you. 

For example, someone says table, and you would say 

Write somethingl You must participate to derive maximum benefit from this 

activity. Now read each of the following words and write down the first word 
which occurs to youi 

SUN I 



KNIFE# 



RED# 

FREEDOM# 



OBJECTIVES * 

Did you say ”useless»» or "ambiguous" or "unimportant" in i-esponse to objec- 
tives? These are common responses to the word objective. 

ACTIVITY ONE 

Just V7hat purpose do statements of objectives serve? Do you use the 
statements of objectives found in text books or courses of studv to plan 
your instructional program? 

Yes or no? 



Be honest now, no one is going to collect your responses. Suppose you plan 
an Instructional session from a teacher^s commentary vfhich contains the usual 
statements of objectives. Now suppose all the statements of objectives in 
your book were eliminated, for example, by covering them with tape. How 
could your instructional planning be observably affected? 

Would your planning be different? Yes or no? From your responses 

to the last txTO questions, it would appear tb'a’b tne oe scrip ti.on of onrriculum 
objectives does not usually serve an instructional purpose. 

There are few teachers from the inexperienced to the experienced who 
would say that statements of curriculum objisctives (as they are usually con- 
structed) actually contribute to their plannrijig for, or execution of, instruc- 
tion. Why is this? Is it simply that objectives can serve no useful instruc- 
tional purpose? Must curricu3.um objectives remain an instructional window 
dressing or can they be translated into a functional purpose? 
















-R — . XI 

uox uaxxi ux 



You are about to participate in an instructional program i^ich identifies 

the eritioal decisions needed in order to accomplish the transformation 
from vague ambiguous descriptions of objectives to ins true tionally functional 
descriptions of objectives « 



For the remainder of '/hi.-i ession will be asked to respond at various 

inte:i?vals by writing c“ ’ ■ e r ; -jnse sh-'*'t which ycu have been provided « If you 
are to acquire the competency e> ;ected frm this portion of the exercise, you 
must respond when asked to do so in the program « Plan on responding quicklyj for 
most of the tasks, plan on making a response in about fifteen seconds* It is 
important that you be an active participant. Be certain that you have your 
response sheet and a pencil* 



The ubjectfT;i of iscructional materials should be stated in a clear, 
unambiguous manner* Certainly there are few who would refuse to acknowledge 
this as an important characteristic, applicable to all statements of curriculum 
objectives* Do the statements of objectives for mathematics programs satisfy 
this requirement of specificity and clarity? What if the statements of math- 
ematics objectives don’t meet these criteria— what is lost? For one thing, 
the intended meaning of an objective may be jeopardized by a variety of inter- 
pretations * 



Consider the following illustration with the statement of a familiar 
objective —one common to many experimental and commercial modern mathematics 
curricula , 



The learner w’iM' 
bui^ 0.n 

d Toe sy-sTw cf 









loer£ 




X i 1 1 I 1 1 



I O 






I 













^ Whiat characteristics would you ascribe to an instructional program in 
maunemauics if it is attempting to achieve this objective? Is the statement 
of the objective phrased in such a manner that several other mathematics 
teachers, working independently, would arrive at the same interpretation of 



the meaning of this objective? Yes or no? (1) 



Have you made your selection? Go ahead write down a choicel 
will find the correct selection on page Ii., line I4., word l^o 



Good!, You 



Illustration II identifies a stated objective of numerous modern mathe- 
matics programs idiich you are almost certain to recognize „ 



The ( dccjaire 

d^pprec/ohjon o"? 

STRUCrURE c-F maihemdiics. 







curriculum? achieve this objective in a mathamaf 

components as necess:^;;"iracMevlnrmf obJac1ive?°^ 

Respond yes or no? ( 2 ) 

turn tr^srs^line ^word 3!®Tr4e^vr- /° ''®®P°«se is acceptable 

these two objectives surprising? Not at Possible interpretations for 

specificity. In fact, t^t 1*fch if / i ”‘’®" °"® considers tLir lack of 
innovators and textbook auth^s Le which curriculum 

irents of objectives I Perhaps the most startl'lna'^ h” ®°P®t'™ciing ambiguous state- 

acoen+^th*'^ statements, but^rsther^thar^®?"?"’ however, is not the 

accept these statements' As teachers we teachers so complacently 

hesfe statements as reasonable descr-inf^rt ^ or at least tacitly accent 

C justifying the selection of certain *^®® ^^®“ as the basis 

of ^rticular instructional acts! fech o" Ibe! mterials or the perforSnce 

Objectives. ConsiSfi ^Se ioSoSlJg *° *he meaning oTthese 

ino ern mathematics curriculum « ^ ® of an often cited objective of 




~I^I lustration nj 



specif io ixistructioiaal a©ti¥iilos in mathematics woidd you dtaign to ■ 
MUjiiove this Objective? Do you suppoie other aathematics instructors would 
reach a similar decision as to the meaning of this objective? 

or no? (3) 

Come on now, make a choice o All righto When you have made your choice arfti 
yoj have written it dewa^ look on page 6g line 8^ word 3 to find the acceptable- 



Certainly this th,ird objective is unlike the first two in that it names a 
pai^tioular field of study in mathfematios^ namely arithmetic skills o However* 
haj^rowing th? content from all of mathematics to arithmetic skills it obviously 
hot an adequate solution to the interpretation dilemmao This is so because of 
4 i^rge number of varied interpretations Which still can be made for the mea^ 

VBf$ Of the objective » Such specification is useful but is not sufficients 

j three previous illustrations suggest that the description of an objective 
Mods to be specific if there ia to bo any hope of attaining uniform interlfe^aiiMo 
The need for each mathematics objective to be uniformly interpretable is especially 
Important for those charged with the conatruotion and/or implementation of an 
Instructional program's objectives « 



However, implementors of mathematics curricula are not alone in the aooept4ne« 
of ambiguous objectives * Consider this statement of a favorite objective o£ coh- 
mathematics curriculum developers* 
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Now suppose you are one of four committee members charged with the task of 
Independently obser^/ing students who have been exposed to instructional materiais 
designed to aid the learners in acquiring this objecti¥ 0 <, Further^ let**s suppose 
that based upon these observations ^ you are to make a decision as to whether each 
student you observed had or had not been successful <, Does the description of the 
objective In Illustration IV identify the specific performances i^ich you would 
look for In, your observations? 



Yes or no‘ 



ih) 



Just ■fc'hat performances one woiild be expected to 
acquired a famllarity with these properties is certainly 
statement c-f the previous objective <, Therefore^, the a 
question (sc-ncerning what performances you are directed 

HOo 



in learners who had 
not contained in the 

response to the 
observe is 



f: 



Ihe description of an objective must identify the observable behavior which a 
learner j, who has successfully achieved the objective^ is expected to have acqtti^3CV(d <, 
Read the ctbjective stated in Illustration ¥ with the purpose of identifyinfi tild 
obseirvabier behaviors a student should be able to exhibit if he has achieved the 
competency described by the objective 




lie, purpose is jo 
help ihe /earner 
cm oppreCioton of 
"Hoe struci urs of 
mfwo ■fi'&cTions , 









9 






I 



'Jlllusf ration "UZI 























Are there ob'Bsrr.SLble behE'^Glors identified in the statement of this objective? 
Are there behaviors dascribsd in a way that woiiiid enable you to separate the 
successful .frcm the unsuccessfisl ones? 



Yes or no? (5) 



Since you deci.ded yes 5, the d'sscrf.ption does identify the desired observable 
behaviors^, and you can^, of course, name themo Oh?i You say you decided hOo 
Good for youl The statement does rsot contain an3’' such performanc-e specification 
and therefore, the appropriate response is noo 



The statement of an objective should desGTibe desired learner behaviors © In 
order to’-'be able to interpret an objective, these behaviors should be clearly 
described „ The intent of an objective is reliably communicated by descriptions of 
observable behavior « Consider this next objective in the context of how effectively 
the statement communicates the desired behavior of the objective » 



The p.iir pose ri Hus majeuial 
iT i'^ octtnls loric^ dj\y\s ‘to>n . 






V 




Tfiustrton izr 



1 



1 

I 
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Doss this objective describe the behavior to be acquired by the learner? 
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les or no? (6)_ 

Should you need confirmation of the correctness of your resnonse to this 

for such an objective at this point, your bast ocurL of a^Sorwoulf be ^roml^ 
the remainder of the material in Session lo ^ wonid be to omit 

requlreTth^prl*:::"?/: TelZT'''^ illustration describe an enviro^ent «hich 
Yes or no? ( 7) 

Have yon made a written response? Dcn«t read on until you 

th. b;L.Sr“S.^;s"2 "“"w» .« u™.u. 







r 







IVl-iat did you decide about the necessity of a learner in 
objective? Is hs necessary or is he not necessary? 

(B) 
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of this 



Cleraly^ a learner is necessary 
Illustration VIIo You don't 
might be given even though no 



the acquisition of 
Good for yoUo 
is presento 



described in 
detailed analysis 



descriptions of what a 
of learner 
planner^ developer^ 
to allow for the 



Objectives must be constructed so as to be specific 
learner is to do or say« Only fulfilling this descriptive 
performance can objectives become functional for the inn 
teacher^ and learnero Objectives must be constructed so 
exclusion of a learner under any interpretation » 

4-ii A is often cloaked in the garment of prestigcus words. The next 

niustration contains statements of objectives for modern mathematics curricula 
vrtiich reflect examples of the "in" words of this aecade. The fund of ambisuous 
words which frequent the pages of newer and older organizations of instructional 
materials for mathematics are legion. A few of the mosu common of these phrases 
are identified in Illustration fill together with a ringer— »on© th^^ase i^ich does 
not belong because it conveys specifically a desired behavior. 




huMs an unJten^andi r)a 
a^p^?rec(ai\/)a ^ 

de.vel op I ncj a 'feelma -fo)^ 
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Did you identify the phrase which does describe an observable perforaianoe? 
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Nowl 



Select one. Don' t. hesitate, write it down, 

Did you select "builds an understandine"”^ No Troor? -Prir. Trr«, t» v 
picked out the "appreoiatins" phrase o7thf . • » u ^ ^ y°“ 

phrase, or the "coLys" p!!rasf No’ Ll/, **'® "awareness- 
choice and should have beL identified ^theut diificSty! aPP'-opriate 

illusS™ eerrpLted° Wr^^t^fy^^^^ ^ 




XlludVai“ion JX. 
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Let's suppose you have been asked to identify the coneo Would identifying 
be interpreted as demanding some sort of an observable or a vague action on your 



part? Observable or vague? (10) 



It is an observable action of course « You might carry out the identifying by 
pointing to an object^ or by placing your finger on an object^ or by actually 
picking up an object. 



Up to now we have merely examined statements of objectives ss they are usually 
written for mathematics curricula. The descx-iptions are usually ambiguous and tend 
to have a large number of possible interpretations. We also have seen that a 
description of an objective which is more specific must specify the performances 
which the learner is expected to exhibit. 



In Illustration X two objectives are described. Read them carefully and select 
the description of the objective w^hich is behavioral. 






The (ifamer ujill 

Coh/)pr6h6nc( ^(')d 
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j:rocecl u 
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Did you select statement A or statement B? (11) 

Should you have any doubt about which of these descriptions is behavioral you will 
find the acceptable response on page lij., line 2, word 2 5 1st letter Of the word. 



Illustration XI suggests four verbs which might be used in the description of 
behavioral objectives. Two of the verbs are action verbs (which describe learner 

verbs which do not describe reliably observable 
performances. Select the two verbs which describe reliably observable performances 



( 12 ) 



( 13 ) 



nai^iACj 

demonsfiral'mcj 

CoinjDirehe/iaf,inc:i 



\ 



heha\/ioml 

oof I on 

verbs ? 
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y°^ selected the words "understand" and "comprehend" you are justno’^ with 
it today. The two action verbs which describe reliably observable performances are 
clearly "naming" and "demonstrating". 



. , Illustration XII and identify the verbs which are action verbs. That is 

identify those verbs irtiich could be used in a description of reliably observable 
performance. 



CCr)s'\yucfw\ 
^istiiOc:?u/s(o 



order im 



1 

rirjuishm^i 



I 



b 6 ha V' ora 

Cict ion 
i/erhs 





Tllusfrai’ion -jit. 

V 

X 



Which of the words did you select? (li|) 



The correct choices are the last word on page 18 and the ?th word on page 6. 
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.Cllustration XIII contains a description of two objectives — one of the objectives 
is behavioralo Identify the behavioral objective by selecting A or B, 






'The leArner uJiH he 
Cihle to cleinncnstrajlt 
e^nmple^ of floe 
cc / n m u.f of i/e property 
iA;ifh sums of MJioole 



nu.m.be/’s, 



A 




The learner u;i 

0 Claire a^praoioiioYi 
of 4fe d I scoi/e.k' 



1 

method of Teach in 



moT^OmTics . 






B 



HliAsTratic)|/^ )^llf: 



Did you identify the appreciating objective as the behavioral one? No. Good I 
Obviously the daronstrating objective is the behavioral one. 
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Bxaifiina Illustration XI¥ which contains two descriptions of objectives 
Which of these objectives is a behavioral description of desired learner 



performance? A or B? (16) 



The learner u^i 
h& ahl-e ie i'denHf\ 

names -fcr ten. 



i ^ 




The learner ivill 

ohlt fb demon^pate. 

d- i>rocec/urc -ftr -findina 
-|4ie Sttm Grp- -jyjo ih~heCj€KS 
us/ruj fhe ruiyyiloer line, . 



B 



)eha[JiorcLi \ 






I suppose that you decided that neither of these were behavioral objectives « 

No? Oh I You made a choice that only statement A was behavioral description or that 
only statement B was behavioral description o No? Good* Did you decide both A and 
B are behavioral descriptions of desired student performance? If so, you have 
acquired the behavior of being able to identify behavioral objectives » 



a-., 



If yon 2 are to acquire the competency expected from this portion 
you must again respond when asked to do sOo Plan on responding 
the tasks plan on making a response in about seconds » It is 
continue to be an active participant » . 

V 

What functions do behavioral objsctives fulfill that non-bshaviorai 
no V • 



of the exercise, 
for most of 
you 



s do 



(17). 



pravious collection of illustrations make the point that non-behavioral 
objectives tend to be ambiguous and general, idiile behavioral objactives seek claritv 
by spec^ioity. But of what use is this specificity to the teacher? SL taportS^ 

Won’^f w Bpecificity is that the teacher would possess Tdescrip- 

tion of the oteervable behaviors all students should mlnimallv be able 

you are con¥ineed of the need to com= 

« specific instructional purposes, and further that behavioral objectives 
e means you have settled on for accomplishing this communication » But how do you 

objectives? M.at makes the description of an objLtivI 

a^o^+v^o performed in Activity Oneo What 

are the characteristics of a behavioral objective as they were desLibed in the 



program? Name as many as you cano (18} 



Is there an action Identified in the description of a behavioral objective? 

^ ' , 0 would seem after even the most cursory 

e^mination that _o_ach description of a behavioral objective does contain some action 
«or.. or phrase 0 what class of words most often describes action in English -^nouns^ 



verbs, adjectives, or what? (20) 
c ommunicated by verbs 



Cf course, most often action is 
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It seems raither obTiouSj iheop that on© necessary component in the description of 
a behavioral objective is an action verbo ETiat now just wait a minute i Row many 

possible action verbs are there in English— a few or a great many? ( 21 ) 

You could decide to use any of this large variety of action verbs o Bie variety 
itself, however, contributes mor© to maintaining the ambiguity than to facilitating 

clarity. 

The problem would now appear to be one of reducing the number of possible action 
verbs used In the description of objectives without reducing the variety of learner 
performances being called for by the objectives. 

Each individual has been given a number of packets of material. Spread out 
the materials in packet A» You will be asked to make several performances. Carry 
out each task as best you cans 

(1) Pick up a triangle. 

Go ahead, don’t be bashful, pick it up. That's better! 



Have you mad© a selection? Good! 

(3) Identify the ellipse o 

Notice that three different action verbs were used in initiating the three 
performances you made. One of the action verbs was selecting » What were the other 

two action verbs? (22) and (23) . 

Did you write picking up and identifying? Wonderful! Do the three performances you 

were asked to make have some common action characteristic? Yes or no? (2it)_^^^ 

0 Of course, they do! 

Why us© all three of these action verbs? If behavioral objectives are to be 
specific and describe observable behavior, would it seem sensible or not sensible to 

use one verb in place of all three? ( 2^) 

The sensible thing to do is to have many different verbs describe the same action. 

No, of course it's not!! The sensible thing is to agree upon one action verb and 
use ito Which on© of the three verbs shall w© agree to use? Since it does not seem 
to make much difference, let's agree to us© identifying . 

Identify all of the triangular regions from Packet A ^ Do you have them all? 
Arrange the triangular regions from the on© 'Sifith the least area to the on© with the 
greatest area. 

As soon as you have completed this ta«sk, identify all of the square regions. 
Order the square regions from the one with the longest side to the on© with the 

shortest side. 

After identifying the two sets of objects, you performed two tasks. The 
instruction for each involved an acti.on verb. 



o 
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One of the action verbs was arranging. Name the other action verb, (26) 

the performances you exhibited alike or different? ( 27 ) 

o What do you conclude about the actions called for by these two 

action verbs arranging and ordering? (28) 



If you are reading this before you have wr'i 

you are ssot playing the game. Go back and try to writ© a response to 
Ihe conclusion which seems justified is that these two action verbs are behavioral' 
£, 7 nonyms (call for a similar action). Let’s agree to use ordering i^enever such a 
behdi‘'?ior is called for in the description of a behavioral objective. 



What do you call an object shaped like this C > ? ( 29 ) 

Miat is the name of a three dimensional object shaped like this 

(30) 



Tell the number of triangles pictured her©, /\ /\ /\ 



Are the performances required by these three tasks similar or different? 
(32). 






Similar 5 of course. What action verb would you use to describe these behaviors? 
(33)__. Any number of different action verbs are 



candidates, A few of these behavioral synonyms are telling, starting, calling for 
and tuning. Let's agree to use naming, bs 6 5 



Return the shapes to packet A 



llie agreements about action ■ 
describe a behavioral objective and 



verbs mad© up 



to now would 
e is 



vrtien you 



1 , "choosing the rectangles" you would write 



■'(31;) 



2 , 



classifying the objects from heaviest to lightest" you would say 

_ t>he objects from heaviest to lightest" 



3 



telling thfii colors in this painting" you would write 
”( 36 ) i^]^@ colors in this painting" 



If you're reading this before you have responded to the previous four tasks, go back 
and respond^, Did you writ© identifying^ ordering, and naming? That's a collection 
Oj.' acceptable responses. Now you're really catching onS, 



That's all. 
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Second Experimental Edition 



SESSION II 

At the end of our first session^ we were able to identify behavioral objectives 
which describe the ^ specific action that is desired of the learner <, We also agreed 
on some of the action verbs we are to nse to describe a desired aetiono The proce'^ 
dure today will be similar t© the procedwe used in oirr last sessiono Ba sure to 
write each response on the response sheet you have been given o Let^s see how many 
of the action verbs you remember from Session lo 

If I asked you to pick out a pencil from a collection of different objects, 

you would be (1) the pencil o Did you say identifying? 

Goods 



If I required you to tell me the color of the pencil you are using, you Would 



(2) color o If you said naming, 

correctly from the last session o Goods Keep going o 



you are remembering 



When i arrange a set of objects according to siss©, I am (3) 

the objects. Did you use the word arranging? No? Good for you. We agreed to use 
the word ordering. 



Today we will leam the remarlning action f«ord- . 

Take ©ut the materials in packet B and place them on the table. Show how you 
would decide which ©f the line segments ^ a ©r b is longer using th© rectangular 
felt shape. Go ahead and do something. Now demonstrate how you would decide 
whether the sheet ®f paper is a square by some folding procedure. Name the action 
verbs which initl3,te each ©f these performances. 

(^) ° Are these two action 

verbs behavioral synonyms? Yes or no? 



. o Of course they are. l.et®s agree ts' use deBonstra- 

ting as the action verb for this set of behavi&rs. 

Return the materials to packet Bg then take cut the graph from packet C and 
place it ®n the table. The graph records data obtafeed on the number of ice cream 
cones sold at various air temperatin'es. Make a prediction concerning the number 
of ice cream cones which will be sold if th© temperatux-e is 110®. 

(7) 0 Go ahead, make some pr'^^'diction. 

Now examine the two vials with spheres in them. Invert the two vials and 
watch what happens. Construct an explanation which accounts for the difference in 



the behavior of the spheres. (8) , the aet.ion 

verbs which initiated each of these performances. (9) 

c r— III ^1^ M M ryr M I i ■m ii w iii 
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and (10) • Ars these t¥o action verbs behavioral synonyms? 

Yes or no? (11) « Let*s agree to us© the action verb 

constructing in descriptions of objectives involving such behaviors# Return the 
graph io packet C# 

Consider the object which is in packet D» Suppose someone has a group of 
objects in front of him, one of which is sisiilar to the object you have taken from 
packet Do This person is able to hear you, but cannot see you# Your task is to 
identify and name as many characteristics ©f the object as you can# The descrip- 
tion should enable the second person to identify a similar object in his collec- 
tion# Start naminga (12) 




If you said red and round, your description is not adequate for it fits most all 
of the objects which the second person has in front of him# Add a few more char- 
acteristics# If you added mass, volume, diameter, and thickness you would be 
much closer to a satisfactory description# 



Take the tablet in packet E 
happens# Describe what happened 
out (identify) the similar event 
shown in Illustration XV# 



and drop it in a glass of water# Observe what 
so that another individual would be able to pick 
if he were confronted with the various situations 
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What shall we call such beha-’/ior? What action verb should we use? Gould we 
use identifying? Yes or no? (Ill-) nandiig? I's-s or no? 



(1^) 



Silica identifying reT.uires the individvia?;. to select an object which has been 
named for him,, this action verb does not seem satisfactorjo In the same way, 
naming does not seem an appropriate choice since the name of the object or action 
which is used has been previously supplied b^^r someone other than the learr^sro The 
distinctive characteristic of this new behavioral class is that the learner identi- 
fies and names the characteristics or pzxpartisso More than one characteristic is 
usually included, and there must be a sufficient nuloer of these characteristics 
so that a second individual will be abl.e to identiiy what is being discussed o 



How then shall we name this class of behaviors? Suggest a possibility? 



( 16 ) 



Many choice f could have been rriadeo The pa; 



ticular action verb which seems most appropriate is des^ribingo This de-soribing 
behavior involves th«'> individual identifying a sufficIeni“Hm5er of characteristics 
of an cbyect or ?*otion so that a second person would be able to identify it with- 
out ha^/lng it pointed out to him® 



Sometdmes the behavior is the descripti,Qn of a particular procedure o For 
example, a procedure for finding the speed £in object might be stated as fcllowse 
"”Kow fast an. object changes position is Cticta:' 4 GS movsd per U 2 iit of time which can 
be found by dividing tde distance ’ y the time o'* 



her procedure.' might be oia. dea.l±L 2 g with fractions » For exsLmple, in order 
to find the sran of two fractions w/dcn hax'e the same denominator you add the nu- 
merators for the new i;umerator an'i keep the C'.Wion denondnatoro 



The two previous paragraphs :e scribe a proced’ore or role for doing something o 
Could the behavior of stating proc^edures sue. as these be described oy narnisig or 
identifying? If so, which one? j.?) 



Naming cc/iiLd be used, but the statements of riles, such as given by the two ex- 
anples, as ’6 spevOialo For this reason it is convenient to describe this cl.ass of 
behavior by calling the category, statin.g tl.e rnleo 

^ ^ t ■■in wn ipiiiwiBiBUKamiiiaiM n— n ■ i 



Suppose a boy walKs II 4 .O meters sever. jRinuteSo How fast is the object 

changing position if y<|i use the speed i'ul .3 previousl.y stated? 



( 18 ) 



' w«t. w ^ 



Just wlvat did you do to obtain the res'olt? 
the speed rul.e. Using or applying would 



be the most commonly acceptable responses 
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Given the fractional names 3/17 3V17 find the snm* ‘fhe sum is 



/ori^ 

^€-W/ 



For your own information, the acceptable response 



la ^ 

18 0 . 

In each of the last two tasks, would you describe your performance as 
naming or demonstrating? (21) * The correct response is, of 



course, demonstrating# However, since the demonstration is special, in that 
it is based upon a stated ru].e, this behavior might warrani’. a separate name# 
Let^s agree to call these applications of stated rules, app^jjig a x'ule 
behavior* 

Suppose you were asked to find the density of an object such as a marble. 
Let*s also suppose that you were told that the density of an object is found 
by determining the mass of the object, the volume of the object, and finally 
the quotient of mass divided by volume. This description of how the density 
of an object is obtained is an example of which of the following behaviors i 
Identifying, constructing, stating, or applying a rule? 



(22) • Since the description deals with using a procedure, I 

the most acceptable choice is applying a rule. Was a single rule applied, ■ 



cr was it necessary to apply more than one? (23) 

Yes, more than one rule was used — in fact, three rules are stated, one each 
for mass, volume, and quotient. Now if you are asked to use the three pro- 
cedures to arrive at the quotient (density), what kind of behavior would it 
be? Applying a rule would be too simple, since thi.s is a sequence of three 
rules, interrelated in the process of finding density. The entire behavior 
might be described as a serjLes of related appl 3 ring a rule behaviors and for 
this serial task performance, let*s adopt the action verb interpreting . 

The agreements about action verbs made up to now mean that whenever you 
describe a beha-'/ioral objective 3 tou will use one or more of the action verbs 
we agreed upon, Y it no other. 

Rewrite the following performances using our list of action verbs i 

1. Telling how to get to your house, 

(2it) how to get to your house, 

(Check your responses with the 1st underlined word on page 3 or the 
2nd underlined word on page 3*) 

2, Showing how you (jould decide that the rock is limestone, 

(2$) that the rock is limestone. 

(Check your re .ponse with the underlined word on page 1, ) 



I 
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3> Making a definition for an aetlen verb. 



/n£.\ 

\e.KJJ 



o ri-i +4 /\r» sxn OTl VQT*l5« 



(Chdok your response with the underlined word on page 2.) 

U« Following a procedure for finding the product of two fractjjons* 

(27) finding the product of two fractions* 

(Check your response with the 1st underlined word on page k or 
the underlined word on page !•) 

Defini ig a prime number as a whole number which has exactly two 
different whole number factors* 



(28) 



a prime number , 



7. 



(Check your response with the 2nd underlined word on page 3 or 
the 1st underlined word on page 3*) 

Building the graph of a relation* 

(29) graph of a relation* 

(Check your response with the underlined word on page 2*) 

Identif^srlng and naming the reasons which justify the steps in the 
long division process* 



(30) 



the long division process, 



(Check your response with the 2nd underlined word on page U*) 

In performances 1, U and ^ two possible answers were given because the action 
verb depended upon what the writer had in mind. In 1, for example, if you were 
telling* how you, yourself, get home, you would be describing your joiimeyi on the 
other hand, if you are giving someone a route to follow in getting to your house, 
you would be stating a rule* 

OcOv tonally when the identif^rtng behavior is called for and the stimuli are 



. _ jOL*-I L * 5 * 



nigmy eon£Usaoi.e, ii> xs usexui uo nave a special action verb* VJhsnsvcr this 
situation arises, the action verb distinguishing is used in the behavioral descrlp« 
tion in the place of identif^^g* 

Each of the action verbs we have agreed upon is described on the following 
three sheets. This may prove useful as reference material for the next activity* 




DEFINITIONS OF ACTION WORDS 
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The action words which are used in the construction of behavioral instructional 
objectives areg 



IDENTIFYING e The learner se^ 
lects (by pointing toj, touching, 
or picking up) the correct object 
of a class name„ For examples 
Upon being asked, "Which animal 
is the frog?" when presented with 



a sat of smai anrjnals, the learner 



is expected to respond by picking 
up or clearly pointing to or 
touching the frog| if the learner 
is asked to "pick up the red tri-= 
angle" when presented with a set 
of paper cutouts representing 
different shapes, he is expected 
to pick up the red triangles o 
This class of performances also 
includes identifying object pro- 
perties (such as rough, smooth, 
straight, curved) and, in addi- 
tion, kinds cf changes such as an 
increase or decrease in size» 



2o DISTINGUISHING, Identifying ob- 



jects or events which are poten- 
tially confusable (square, rec- 
tangle) , or when two contrasting 
identifications (such as right, 
left) arc involved. 



CONSTRUCTING, Generating a con- 



struction or drawing which iden 
tifies a designated object or set 
of conditions. Examples Begin- 
ning with a line segment, the re- 
quest is made, "Complete this 
figure so that it represents a 
triangle , " 
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i*. NAMING o Supplying the correct 
name (orally or in written form) 
for a class of objects or events, 
Ejcampleg "What is this three- 
dimensional object called?" Re- 
sponses "A cone," 




5. ORDERING o Arranging two or more 
objects or events in proper order 
in accordance with a stated cate- 
gory. For example; "Arrange 
these i-oving objects in order of 
their speeds," 




U 



6, DESCRIBING o Generating and 

naming all of the necessary cate- 
gories of objects, object proper- 
ties, or event properties, that 
are relevant to the description 
of a designated situation. Ex- 
amples "Describe this object," 
and the observer does not limit 



+.Vio r^s 

, — 



T.rVk V» rtn ^ . 



erated by mentioning them, as in 
the question "Describe the color 
and shape of this object," The 
learner’s description is considered 
sufficiently complete when there 
is a probability of approximately 
one that any other individual is 
able to use the description to 
identify the object or event. 
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STATING A RULE , Makes a verbal 



statement (not necessarily in 



technical terms} which conveys a 
rule or a principles including 
the names of the proper classes 
of objects or events in their 
correct order o Examples "What 
is the test for determining 
whether this surface i6 flat?'" 

The acceptable response requires 
the mention of the application of 
a straightedge, in various direc- 
tions, to determine touching all 
along the edge for each position o 

8o APPLYING A RULE o Using a learned 
principlj or rule to derive an 
answer to a question „ The answer 
may be correct identification, 
the supplying of a name, or some 
other kind of response » The ques- 
tion is stated in such a way that 
the individual must employ a ra- 
tional process to arrive at the 
answer,, Such a process may be 
simple, as "Property A is true, 
property B is true, therefore 
property C must be true," 



9o DMONS TEIA TING «, Performing the op- 

erations necessary to the applica- 
tion of a rule or principle. Ex- 
amples "Show how you would tell 
Aether this surface is flat," 

The answer requires that the in- 
dividual use a straightedge to 
determine touching of the edge to 
the surface at all points, and in 
various directions. 



10, INTER FRETING , The learner she 
be able to identify objects ar 
or events in terms of their cc 
sequjnceso There will be a se 
of rules or principles always 




connected with this behavior 
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Now that we have agreed upon a set of operational definitions for some 
action words in the construction of behavioral objectives, let's turn our 
attention to the problem of constructing a few behavioral objectives o Read 
the objective in Illustration XVI » 



I earner ivilj 

undersfend pla(:>e 





0 ^ 



322 



Is the objective described in Illustration XVI behavioral? Yes or no? 

(31) No, of course it is note With the use of our agreed upon 

set of verbs rewrite the non -behavioral objectives described in Illustration XVI and 

make it a behavioral objective. (32) 



If you have not completed rewriting the objective, do not read this section. 

Go back and do it now. When you have completed the task of rewriting the objective, 
read it over to see whether you haves l) used one of the action verbs, 2) described 
the situation in which the learner should exhibit this particular behavior, and 
3) indicated the nature of the product the learner is to produce. Learner products 
may be quite varied: a sentence, a word, a drawing, a series of check marks, etc. 
























objectiverSich”eoIiri h!"*“J:”° ® !*’® possible descriptions of behavioral 

Objectives idiioh could have been constructed from the noiw behavioral objective. 



x: 



~fh&' I earner toil I /denf;|y 
'Hie U./11H ) fens , and 
nundrejds place^ .aVen a 
numsro,!. 

The I earnei' u>i / 1 I'dehTify 

■Hi a pc&itibn of iht SiZ's 
place -fev ha.se -e.icjkf 
niitverals- 
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Notice that it is not a difficult task to translate this particular objective into 
a behavioral objective » The translation could be accomplished merely by stating 
ifhat one would look for in terms of learner performance rather than in terms of the 
non-performance description which the word measure conveys o 

Examine the objective described in Illustration XIX o 



Will 

accjuirt a -famihai-tiu 

lL/|4ii n4ie Com 





Tllustv'^tf'ion X I )T 



Rewrite this objective so that it is behavioral. 

(3h) 
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When you have completed the task of rewriting the objective and making it a 
behavioral objective, read these next statements » 

1. Did you use one of the action verbs we have agreed upon? 

Yes or no? (35) 

2. Is the situation in which the learner is to exhibit this 



If you were not able to respond "Yes" -co each of the three questions, go back and 
correct whatever difficulties you have identified. Does the description of the 
objective in Illustration XIX identify the specific performances which you would 

look for in your observations? Yes or no? (38) 

Just what performances would one be expected to observe in learners who had 
acquired a familiarity with commutativity? It is certainly not contained in the 
statement of the previous objective » Therefore, the appropriate response to the 
question concerning observable performances in the objective is an emphatic "No, 
it does not identify them," 



performance clearly specified? Yes or no? (36) 



3, Is the nature of the output which the learner is to provide 
clearly specified as well as any restrictions on that 




Yaci ny nn9 f 37^ 
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M/ll!SRI4IS FOB, SESSION II 




Packet B 

folder containing r 

felt rectangle 
paper square 

sheet with lines u and b. 

Packet C 

• folder containing t 

graph - "Number of 2J50 Cream Cones sold 
in one day" 



Packet D 



1 red chip 



Packet E 

1 alka-seltaer 

2 Trials - 

1 containing marble and water 
1 containing marble and Karo syrup 
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SESSION III 



ACTIfllT THREE 



Here is an example of an instniotioml astiTity, Kead it over carefully and 
decide what actions describe the desired instructional outcomes. 



Select two or three objects that contain the various 
two-dimensional shapes „ Have the children point out and 
name the circles j, ellipses^, triangles^ rectangles^ and 
squares for one object at a timeo 



Hold up the pyramid in various positions c Asks 
"«What two-dimensional shapes can be seen in the pyramid?* 
(Triangles 5 square on the basSo) Have them trace the 
shapes with their fingers « 



Pick up the cone and let the children pick out the 
shapes they seen If the children have difficulty selecting 
the triangles s, hold the cone next to the chalkboard and 
trace its edges » "When the cone is removeds asks "What 
shape is drawn on the board?" This same procedure may be 
helpful in identifying the rectangle that may be associated 
with a cylinder o 



Use our action verbs to name at least two actions which are part of this instructional 



activity 0 (l)„ 



and (2) 



Write one behavioral objective for this activity » Remember to use one of the ten 
action verbs o At the end of this ins time tional activity the learner will be 



( 3 ) 



Have you written a beiiavio^aTlbjective? If not, don«t read beyond this sentence 
and go back and try! If your description of a beha\^oral objective resembles one 
of the following statements, you* re on the right tracko 



1, Identifying and naming the followJ.ng three-dimensional 
shapes 8 sphere, cube, cylinder, pyramid, and coneo 



2, Identifying and naming two dimensional shapes that are 
part of regular three dimensional shapes o 



Now let's suppose you are given a description of a behavioral objective such as: 
"The child should be able to name the primary colors o" 



What does such an objective communicate about instruction and how rail you know i*en 
vnu have been successful? Let's take the instructional question first, but in the 
Lntext of oomparing it to another objective which said "identifying each of the 
prtoa^ colors!" What would be different in the instructional activity trying to 
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help children acquire the naming behavior as opposed to acquiring the identifying 
behavior? What do you think? (h) — — — - 



Write somet'hingc llie important thing is to commit yourself o One could conclude that 
the “naming objective" would have children saying the names of primary colors when 
shown an object^ while the “identifying objective" would probably see the children 
pointing to or picking up objects having been asked something such ass “Find a red 

object in the roorn«“ 

In which of the following behavioral objectives would you expect to see small 
groups or individual children doing things? 

1. Constructing a bar graph o 



2o Ordering objects on the basis of similarity^ for example most 
like a circle, somewhat like a circle, least like a circle o 

3c Demonstrating the comparison of volume of containers by determining 
how many unit volumes are required to fill each of the containers o 

(^) 

In which ones would you expect only a teacher demonstration? ( 6) 



If you responded that all objectives suggest small groups or individual instructional 
activities, you're with itc None of the descriptions of the behavioral objectives 
are suggastfive of only teacher demonstrations o 



Occasionally, behavioral objectives are related to one another in that they can 
be sequenced so as to construct an ordering from less complex behaviors to more com^ 
plex related behaviors o For example, consider the three behavioral objectives 8 

(1) identifying and naming the primary and secondary colors 

(2) describing an object in terms of characteristics such as 
color and two dimensional sha 



(3) identifying and naming common two dimensional shapes o 

Which of these three behavioral objectives do you think describes the most complex 
behavior? (7)^ 



Make a choice o The second one is corrects Are the other two behaviors related to 
thj.s more complex behavior? 

Yes or no? (6) . ^ ^ 
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And are the other two behaviors subordinate 5 , less complex behaviors? Yes or no? 

. Is either of these subordinate to the 

t 9 ) — — 

other? Yes or no? (10) 



You might imagine constructing a 



diagram to show this relationship and it would look something like 







•I 
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Remove the contents of packet F and place them on the table. The five 
behavioral objectives represent a collection that can also be ordered into 
several levels. Arrange the statements of the behavioral objectives in an 
ordering from most complex on top to least complex on the bottom. Your 
instructional sequence should look like the one in Illustration XX. 




ILLtlSTRATION XX 

Just how did you proceed with your analysis? Did you attc-xiipt to identify the 

• i- 

least complex behavior? Yes or no? ( 11 ) . You say you didi Well^ 

most people do 5 the first time they try. Why not? Wellj, recall that one is 
interested in identifying those behaviors which may need to be acquired before 
attempting to acquire a complex behavior. That is 3 the procedure is one of trying 
to identify the subordinate behaviors for a given learning task. How is one to 
hunt for subordinat* behaviors when the terminal task is mot identified? So, it' 
would seem3 that the most cemplex task should ba identified first. Which of these 

five tasksis the most complex? I3 3 3 Us or 5 ? (12) 0 

One looks like a good candidatep but let's examine the others. Certainly two, three 
and five are not as complicated as one since only correspondence or matching of some 
kind is involved. I guess that leaves only four. 
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Consideri 2 j.g that one demands at most 99 naiaes and fo^ox demands at most nine names 



which one must be the most complex? 1 or I 4 ? ( 13 ) 



Naturally the 



acceptable response is oneo What must the learner be able to do before he can 
acquire the behavior labeled 1? What is the next most complex behavior? 2= 3, 



h-9 or 5 ? 



Of co^irse^ fo'or is the next most complex behavior 



and a reasonable subordinate behavior to onso What is the nexfc most complex pair 
of behaviors? An examination of the three remaiziing possibilities suggests which 



ones as the next most complex pair? . 2 , 3 c, or ^? 



(15) 



and (16) 



Since ordering three sets 



and identifying sets with the same nomber of objects both require one-to°on© 
matching, two and five appear to be the most likely candidate So That leaves three 
as the least complex behavior o 



Just making these decisions, does not make the instructional sequence valid ( 
The sequence is a series of hypotheses o One now tries out the sequence of 
instruction and determines if it works^-does the learner acquire the desired 
behaviors if one follows the instructional sequence? Modifications are then 
made in the instructional sequence on the basis of observations* 



Thus, whenever all of the behaviors described in the various objectives for 
a task are arranged in such an ordering and the relationships between levels are 
shown, the orderlisg is called a behavioral hierarchy o Behavioral hierarchies are 
useful in that they describe the’^BeEaH^o^T'^eT^I^ment within a process <> Packet G 
contains the behavioral hierarchy which follows from the ajialysis for the tasks 
•described in packet F* 



Suppose we were interested in providing instruction that would help a learner 
acquire the most couplex behavior among these five““identifying and naming the 
number of objects in any set with zero to 99 members * How might we proceed 
instructionall 3 r? Ohl That«s one of the fascinating applications of behavioral 
hierarchies o The behavioral hierarchies suggest one possible instructional path* 
For those learners who did not already possess the most complex behaviors, would 
we begin instruction with the least or most complex task which the learner does 



not exhibit? Least or most? 



Naturally instruction would 



begin by helping those learners acquire the simplest behaviors, the least complex 
which they 'have not already acquired* Then instructions would proceed to the next 
level of complexity and so on through each of the behaviors considered prerequisite 
to the final task* A rather delightful consequence of having stated each instruc- 
tional, task as a behavioral objective is that you can then identify when your 
insiumction has been successful* All that you as an instructor need to do is to 
give the learner a task representative of the described behavior and then observe 
whether or not the learner exhibits the desired behavior* 



I 



I 



r 



er|c“ 



ill 















Second Exp|rtnintal Edition 



M/ITSP.IAIS FCa SESSION III 



Packet F 

Hierarchy In 5 pieces 

Packet 0 

Hierarchy 

Vonh-e* n 

List of Objectives 










Construe t a description of the behavioral objectives suggested by the instructional 
activity in the first three sessions o In writing these behavioral objectives ^ consider^ 
ation should be given to the action words which were defined o When you have completed 
I this task, look at the statement of behavioral objectives which were used in order to 

i write the first three sessions o The statement of these behavioral objectives is in 
packet Ho 



Appraisal 
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SESSION 17 
THE GAME OF SUMS 

OBJECTIVES! 

At the end of this session the learner should be able toj 

(1) identify and name examples of each of the game rules given the game, 
elements, and onerations of the game. 

^ A W - 

(2) demonstrate each of the game rules using the elements and operations 
from a given game, 

(3) construct data which support the presence or absence of a given game 
rule for a particular game. 

This is a game called Sums, Any number of players could play, but we *11 
start with two players. The play begins with each player spinning the spinner. 
The player spinning the largest number is first. In the event of a tie, each 
player spins again. The first player then draws a card from the blue pack. 

Play alternates until one player has reached the end. 

If the player draws a one spin card, he spins the spinner. The player 
then moves his piece the indicated number of spaces on the board. 

If the player draws a one spin card, he spins the spinner, records the 
result, spins the spinner again, records the second result, and combines the 
two results. To combine the two results construct their sum. If their sum 
is zero to nine, make the movej if the sum is ten or greater, the player moves 
the number of spaces named by the units digit. For example, suppose the first 
spin was 6 and the second spin was 8, Their sum is 6 + 8 or lh» Now since lU 
is greater than 9f the number of spaces to move is given by the units digit or 
U, So the player who spins a 6 and then an 8 would move I4, spaces. 

If the player draws a three spin card, he spins the spinner, records the 
result, spins the spinner a second time, records the second result, spins the 
spinner a third time, records the third result, and combines the three results. 
To combine the results construct their sums. If their sum is zero to nine^ 
make the mo7e^ if the sum is ten or greater, the player moves the number of 
spaces named by the units digit, which will be zero to nine. For example, 

suppose the results of the three spins were 6, 9f ^^nd ?• Their sum is 6 + 9 + 

7 or 22, Now since 22 is greater than 9j the nvmber of spaces to move is 

given by the units digit or 2, So the player who spins 6, 9, and 7 would move 

2 spaces. 

If the player draws oiae oi the special cards from the blue pack which is 
?,abelled "1 spin repeated twice'- , he spins the spinner, records the result 
twice, and ' then combines the two results in the same way they were combined 
when a two spin card was drawn. For example, suppose the spin was 8, Now 
since the sum of 8 and 8 is I6, the number of spaces to move is 6, 
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Another speeiAl kind of c»rd in tb« bin* pack ia UbaUad "I a^ rapMtei 
tPica foUowad by another apin repeated t^o a." If a pXa«r d««a ^ 
apina the apinner and geta hia rtault in the aane nay JiL 

take one apln repeated tvioe. Then he taken a aeoond apin and doea the a^ 

thing. Finally he ebinbinea t^a tw rea^ta. tSrpla^r aouli 

Suppose the first spin was a 8. Sirjce the sum of 8 ***** 8 ^ . -■ 

record a 6* Now suppose the second spin was a 9. Since the ^ q# ^ 

the player would record^ an 8. He would then combine the 6 and 8 for a more of 

U spaces. 

' me laat kind of card in the blue pack ia one labelled "2 "P?**’*’ 

twice." If the pUyer drawe auch a card, he apina the aptoner, recorda the 
result, spins the apinner again, records tte second rea^t and ™ 

two resulta in the “.\»r.^iw^e^ta are 

combined again in the same way they were oombined ^en a ^ 

For example, suppose the two spins ware U and 3, How since the sum of U 3 « 

7, the 7^is recorded twice. But combining 7 and 7 we find 1*at «Je number of 

spaces to move is U# 

NOW PUY THE QAMB FOR AWHILE. When you land on a space on which 
for yra^written, be sure and do as yoi are told If you 

identity or inverse, be sure and read the appropriate section which folio • 

IHIS SECTION IS NOT TO BE READ UNTIL ONE OF THE FLAYERS MOST ADTANCE THE 
IDENTITY OR A PLAYER IS INSTRUCTED TO READ THIS SECTION. 

The identity is easy to find in the game of Sums, ^ 
look at two spin moves. Lefs say the first spin was a k. Now Is 
spin that is possible so that the combined number of spaces to move is still U? 

Yes or no? ( 1) 



What would the second spin be? (2)_ 



If you wrote 9, you are close since the combined number of 

Bpaoaa to moT. would be 3 ainoe the sum of U and 9 ia 13. The on^ mmibar iHiloh 
is possible for the second move is 0 since ths stw of U and u is 4. 
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Fill in the following table and watch the waj the nnnbfr 0 acts. 



Table I 



First Spin 


Second Spin 


Result 


5 


0 




8 


0 


. ... 


0 


0 




9 


0 




3 




3 


7 




7 


2 ' 




2 


1 


— =- — _ 


1 



Amonjg all the elements - 0, 1, 2, 3^ ks 5? 6, 7, 8, 9 - there is a second 
spin which will always make the result of a two spin move the same ar^ if the 
first spin was a one spin move» We call such an element the identity o Which 

is the elemeht that appears to work out as an identity? (3) 

The correct response is on page 2 ^ last lin^ word 8 <, Since we can find an 

identity in this game> we say that the identity game rule holds for the game of 
Sumso 

Now you can continue your playo 



THIS SECTION IS NOT TO BE READ UNTIL ONE OF IHB PLATEBS LANDS ON A SPACE 
OR DRAWS A CARD WHICH I®TI0NS THE WORD INVERSEo 

Read the identity section first« Now that you have found that zero le the 
identity, let's fill in some of the blanks In Table II« 
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Read the identity eeotion first. Now that you haee found that a«fo la the 
IdenUtyt let's fill in some of the bUnke in Table II. 






Table II 



First Spin 



3 

6 

0 

9 

2 

0 

5 



Second Spin 



7 

u 

0 

1 



Result 



8 

6 

3 



0 

0 

0 

0 

0 

0 



The responses in order should be 0, 0, 0, 0, 8p 0, 2, end 7* Notice 

in the first four examples in Table II that the result of two spins was a more 

of zero spaces. R-oall that zero is the identity. Now from the «*™Pi** 

wer^we able to f^-d two spins ftuch that the' result of the two spins is the IdentltyT 



Yes or no? (U) 



Let*s try another example. If the first 



spin was a 1, what would the second spin have to be in order to have the result 
the identity? (3). • Since the sum of 1 and 9 is 10, the number 



of spaces to move is 0 - the Identity. We call 9 the inverse of 1. Can we find 
.an inverse for each of the elements - 6, 1, 2, 3, U, 3, 6, 7, 8, 97 ^®s or no? 

, Let*e systematically try them all. 

The inverse of* 0 is ( 7) _ t 1 is (8) — — — — * ^ (9)____ 



3 is (10), 



, h is (11). 



, 5 is (12). 



, 6 is (13). 



, 7 is (Ih), 



, 8 is (1^). 



, and 9 is (l6). 



Vlhen each element has an inverse in this game, we say that the inverse game rule holds 
for ■the game of Rums. Now go back to the game and continue your play. 
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AFTER lOU HAVE ELAIH) FOR A FEW MINUTES j BEGrIN TO SEARCH. FOB 9HI M3B0B5 
TO THE FOLLOWING QUESTIONS <r 

Th6ro ftr# wuiy i&^orflsiing pn^tfirns ^ich we identilfy when we h&ve pl&yed 
th« imid awhile. Let's look at one. ' 

When you Mke a two spin move with 7 the first spin and ^ the seeojjid spin;) 
you rccc ihho mambors ftnd combinodo Siffleo ^h6 suid& o £ 7 ®nd 5 i® itti® 
number 01 spaoes moved was 2. How many spaees would yoh move if the first spin 

was 5 and the second spin 7? (17) . Surprising, isn't it« Do you 

suppose a similar observation can be made for any other pair of spinel Try a few. 



Did you find that reversing the spins always seemis to give you the same irtault? 

Yes or no? (18) The answer is on page 2 , line 2 ? , word 1 . 

When such a charaotey’istic holds for all possible pa^s, we say that reveMib^itj^ , 
game rule holds for the game of Sums. Some people deweiabe thla-ehafiidtemimiaatsf/if W 
as the commutative characteristic, but we will use the name reversible to remind 
us that wo reversed the order of the two spine. 

There is another characteristic of the two spin move which warrants a look. 

Was the result of a two spin move over a number which was not the result of a one 

spin move? Yes or no? (19) - ansv is on page 2 , 

lino 27 , word 3 . This is thought provoking.. Even tho^ •, wo take tvro spine, 
the result is always a move of Oo 1, 2, 3s Us 5s Is 9 spaces. Wnon a 

game has this characteristic, we say that closure holds. Saying that the garni has 
closure would moan that combining numbers for two spin mOv'.es does not introduce any 
elements which wo didpH alroaj^y hayo for one spin moves. 



Lot's take a look at throe spin moves. Suppose the results of throe spiiiis were, 
7, 6, and 8. The result could bo found this way, thinking about the first two spins 
as a two spin move. 




The player would make a move of 1 space. 

^e result could bo found by thinking about the second and third spins as a two 
spin moTOc 












1st Spin 2nd spin spin 




The plmyer would again make a move of 1 space » lhat*s Interestingi The result 

Is the same. Do you suppose that usually happens? Try some throe spins « 

!■ 1 











Some people describe this particular characteristic of three spin moTea lii 
the associative characteristic since it seems to associate two 'of the threa in fiat 
aortof an arrangement e Others simply call it an arranging game rulto Either #f 
these is a perfectly good nSmeo For the sake of consi'^tency among the Tarioma gM i ti 
%dixch we discuss and describe, it would be useful to settle on one nameo Let ue ’ 
agree to call it the arranging game ruleo 

Now recall those special cards with the unusual directions in the blue pack 
which say = ®’l spin repeated twice followed by another spin repeated twice"' and 
"2 spins repeated twice o'* Notice that there seems to be a curious characteristic 
of these moves o Look at the following example where the first player drew a card 
which instructed him to take a spin repeated twice followed by another spin repeatfd 
twice and ht spun a 3 and a 9« A second player drew a card which said to take two' 
spins repea ttd twice, and he spun a 3 and a 9» 



1st Player - 1 Spin Repeated Twice Followed by Another Spin Repeated Twice 



1st Spin 



1st Spin 






lA Spin 

Repeated 
r 



Result 



2nd Spin 



1 

6 



2nd Spin 
Repeated 
1 



2nd Player - 2 Spins Repeated Twice 



2nd Spin 



-i- 

9 



Result 

2 

I 



Result Repeated 



2 

J_ 



Result 



Final 

Result 



1 

8 



h 



Final Result 



k 



Both players end up with the same move. It doeen't seem to make any difference 
which card is choseno Does this characteristic work for other spins? Try a few© 



Md jott Xtnd thif ckuraettylstic vis te&tf Im ®r oof 

■ •n»M«r i* 01 2 s liM9 27 word % o him card 

taana to rtiult in th# mm moibcr of.jnoTM idian tisa ‘Ifen© a^d»s an tfef simo 
IIbm Mch a oharaoteristio halda in * (apt;) *• fay that rapiaatisiig ^ ^ialtedhmti'yt 

•tfr'Povato Thif gaat pult ianrolTfs uort than eopbinis&g paibfra^ it -^00 ii^o'lipta 

■ rapaatinco Wiua two oparatioM ara alwasra inrrolvad with tha diairilRsti'^a mm 
fula, 

W« tWT* found that tkurt nr* aiz nm rulM ulileli amAr to hold for toa am 
of Sum. Uat tbm. 

( 21 ) 

( 22 ) 1 - 

( 23 )___ ' 

(2U) 

(25) • , 

( 26 ) 

/ * 

If you eu't rmanbor thu MMa, look bMk throuidi tha aaaatoo far iha M«aM.n..a 
^**da * , 
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KAliShfATS FOR SESSION IV 



Paokot A Game ol‘ Sums 
1 game board 

spinner (0-9) and pieces (2) 

Pack of 15 cards in ” Number of Spins'* 
pack labelled as follows { 



.1 



? 



Bine 



3 each "1 spin” 

3 each ”2 spins" 

3 each ”3 spinn" 

2 each ”1 spin repeated twice” 

2 each ”1 spin repeated twice followed by another spin 

repeated twice" 

2 each "2 spins repeated twice” 



Pack of 15 cards in "Special" pack labelled as follows t 

* Hang from the Tree of Amblgnity 

Enjoy Swimming in the Land of Clear Water 
Get Lost in the Castle of Confusion 
Advance the Inverse of 9 
Retreat the Inverse of 8 
Advance the Inverse of 5 
Retreat the Inverse of U 
Advance the Inverse of 3 
Yellow Advance the Result of 7 and 8 
Retreat the Result of 6 and 9 
Advance the Result of 7> and 9 
Retreat the Result of 2, 5? and 8 
Advance the Inverse of 1 
Advance the Identity 

Advance the Inverse of the move you have just made 
















VvT~T""^‘ 




jjaaaaQSiaiaiiiiiMkA^^ 
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SESSION ¥ 

IHE GAME OF FLIP IHE CHIP 

OBJECTKESg 

At the end of this session the learner should be able tog 

and name ©xamiDles of each of the game rules given the 



each of 
gamco 



( 2 ) 

( 3 ) 



demonstrate each of the game 
from a given gamso 



data T>diich support 
i particular gamSo 



rule for 



the elements and operations 
presence of absence of a given game 



ACTIflTI ONE 



W© are going to play the game of Flip I‘h© Chip,, You say you do not know how to 
play this game? Would it help to know the elements and operations of the game? 

Open packet B. 

This game is played with two players | one sitting to the left of the other,, 

Each player manipulates on© piece^ a chip which is white on one side and brown 
on the opposite sidSo The two players flip their chips together o The elements 
of the game are the flipped chips which of course will have either a brown or a 
white side which are showingo The operation of the game involves a consideration 
of the pattern formed by the two flipped chips „ The object of the game is to v/in 
ten points before your opponento Are you ready to start playing? Nop what's the 
matter? Oh^ I seso You don't know how to win a point o Here is the way you can 
win points o If two brown chips are showing at the end of a tum^ then both players 
win a point o If two white chips are showing^ then neither player wins a point c 
If ohe chips show different colors and the right player has a brown chip showing^, 
then the player on the left wins a point „ If the chips show different colors and . 
the right player has a white chip showing, then the plaiyer on the right wins a 
points 

If you have any trouble while playing, you may refer to the table beloWo 



Table T 


Left 


Right 


Who Wins 


Player 


P layer 


Point 


White 


White 


No One 


Brown 


Brown 


Both 


White 


Brown 


Left Player 



Right Player 



Brown 



White 







2 



Now go 4 head and play until one player wins the gameo Have you made any 

observations about which player had the advantage in this game? ( l) _ 

You're absolutely correct if you think that you have a ^O/^O chance of winning a • 
point o 

We can say that at the end of each turn^ a resultant chip was determined by 
observing the color of the chips which had just been flipped <> The ''resultant 
chip-** will show the same color as the color of the chip of the player who won the 
points E«iiaBberp when both players had a vhite chip showlngp neither player won a pointy 

New, can you niant-tha color of the resultant chip? (2) 

Tho resultant chip had to b® brown®. When both players ha4 brown chips showing, both 
players won a point. You can easily name the color of the resultant chip. 

(3) Of course, it was brown. When the player on the right 

had a brown chip showing, and the player on the left had a white chip showing, we saw 
that the left player always won a point. Therefore, the resultant chip was white. 

Now you try the fourth possibility. The player on the right has a white chip 
showing^ the player on the left has a brown chip showing. We observed that the 
right player won a point. Now you name the color of the resultant chip. 

(it) ¥ery good*. The resultant chip must be irtiite. 

Let*s summarize our observations in a table. 



Table II 



Left Chip 


Kight Chip 


Resultant Chip 


White 


White 


Brown 


Brown 


Brown 


Brown 


White 


Bi'own 


White 


Brown 


W’^ixte 


White 



Observations of the above patterns in Table JI should enable you to identify certain 
generalizations. For example, if the right chip is brown, what color is the resultant 
chip? Brown, white, the same color as the left chip, the color different from the 

left chip, or can*t decide? (^) 

You say, you can't decide? Notice that if the right chip is brown, the resultant 
chip is the same color as the left chip. 

If the right chip is white, then what color is the resultant chip? Brown, white, 
the same color as the left chip, the color different from that of the left chip, 

or can't decide? ( 6) . 























Since there are only two colors for the chips/ the description of what 
results if the left and right are identified and named can now be fully described, 
The characteristics of various resultant chips can be summarized by sayings 

(1) If the right chip is brown^ then the resultant chip is the 

(same, opposite) (9) color as the left chip, 

(2) If the right chj.p is white, then the resultant chip is the 



(same, opposite) (10) 



color as the left chip. 



The acceptable responses are opposite for (2) and same for (1), 



ACTIVITY TWO 



With the set of elements for the game of Flip The Chip and the method of operating 
with, these elements identified, there is a subsequent task to set for oneself. The 
task is one of investigating which, if any, of the game rules hold for the game. 

First, perhaps you should attempt to recall from Session IV as many of the game 
rules which we have identified and named as you can. 



(11) - (lii) 

(1^) - (15) 

(13) - (16) 



Your list should have included closure, reversibility, arranging, identity, inverse 
and distributivityc * . 

Let's see which of these game rules do hold in the game of Flip The Chip, 

Recall that there are two spin moves in the game of Sums for which the player 
arrives at the same position he started, Itot did we name the game rule illustrated 

by these two spin moves? (1?) Yes, of course, that was 

was our inverse game rule. Was there also a one spin move' Which accomplished the ^same 

thing? Was itaO, 1, 2, 3s h ) 5, 6, 7s 83 or 9 move? (I 8 ) 

The 0 move fits this requirement o It is a move that keeps a player in identically the 
same position. This is our identity game rule* In the game f' of Sums when we spin a 3 
and then a 0 in a two spin move, the result of the move is the same as the result of 
a one spin move of 3o 












Is there a right chip (color) which alv/ays makes the resultant chip identical 

to the left chip? Yes or no? (19) Let's see if we can find onee 

Consider your performances with the tasks of Activity One,, Try working with various 
chips such as the patterns provided In Table IVo 



Table IV 



Left Chip 


Right Chip 


Resultant Chip 


brown 




brown 


white 




white 



The candidate for the identity is ( 20) The acceptable 

response is brown o Hence, the identity game rule holds in the game of Flip The Ghip„ 

Is the game closed in some way? Does the game rule of closure apply? Yes or 

no? (21) o How could you investigate this question? What does it 

mean to say the closure game rule applies? (22) 



Are there any resultant chips which are not brown or whitt chips? Yes or no? 

( 23) o Why, of course noti The only resultant chips are brown or 

white. So, the closure game rule applies o 

How about the reversibility game rule? What would have to be true for this game 

rule to hold? (2U) 



If you said something like the following you are on the right track. For each color 
for a left chip and each color for a right chip the resultant chip's color would have 
to be the same if we reversed the left and right chips. 































,‘r:rrxr2ri"rr'^.x''j' 



Soq this would need to be the casei 



Left 

brown 



Right 



Left 



\ 




Resultant 



Are they the same in this case? Yes or no? (2.':)) 
resultant chip in each case? (26) 



Resultant 



/ 



Right 

b»own 



What is the 



The correct answer is 



a white chip. Try to construct one pair with colors reversed which does not have 
the same resultant chip . 



Left 



Right 



Left 



Right 



\ / 

Resultant 



Resultant 



/ 



Were you able to find a pattern for which 'bhe reverse of the pattern gives a 

different result? Yes or no? (2?) Since your answer to this 

question is nOp what can you say about the reversibility game rule with some degree 

of confidence? Reversibility holds or reversibility does not hold? {i.o) 

^ The acceptable response is reversibility holds. 

There is a systematic way you could have investigated all the possibilities for 
VAiTlLciIS color arrangements. Construct as many of the different color arrangements 
•s you can in Table V. The first example we tried is already included. • 
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Table ¥ 



Pattern 


Reverse of Pattern 


Left 

Color 


Right 

Color 


Resultant 

Color 


Left 

Color 


1 Right 

■ Color 


Resultant 

Color 


Brown 

1 

i 

1 


White 

1 

1 

! 

1 


White 

. 


White 


Brown 


White 



There are four possible arrangements which you should have examined o Now you 
can conclude without any reservations that the reversibility game rule does hold in 
the game of Flip The Chipo 

Now turn your attention to the arranging game ruleo Does it hold in this game? 
How can you investigate it? We haven't constructed any rules for having three 
people play the gamSo Let's try it now that we are familar with the game for twOo 

If we have three players^ they will sit in a row and all flip their chips at 
the same timso We w511 let the final resultant chip determine which players get 
points o A player ^riii get a point if his chip is the same color as the final 
resultant chipo But how will we determine the color of the final resultant chip? 

We will observe the pattern of the chips for the first two players and use the re- 
sultant chip which the rules for two players prescribed o Then we will look at the 
pattern of the resultant chip and the third player's chip once again using the 
rules set forth for two players o Here is an example o Suppose the three players 
flipped the following pattern of chips „ This is the way the final resultant chip 
would be determined o 



o 

ERIC 

hfiiinniiniriTiaaia 
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1st Player 
Brown 



2nd Player 
White 



3rd Playei.' 
White 



8 



Using rules for 
two players on 
pattern for 1st 
and 2nd player 



\ / 
Resultant 

White 



Using rules for 
two players on 
pattern for re= 
sultant chip and 
3rd player 



Final Resultant 
Brown 



ccSras’^thf^i^:!* ^ he has a chip the sa.e 

player for the 2nd and 3rd 



1st Player 
Brown 



‘■^n- 



White 



\. 



J «f=Vei 



jrQ r±ayer 
White 



Resultant 



Final Resultant 



/ 



first!"^IhrfinIl”Jesultant*Sip®warto^ ^°At\east’'tr^* 

the color pattem^t^der'So'l^e S'th^lin^rrelu^tlnt^S:!^^^:^^'^ investigate all 

regardless of whether the 1st and 2nd players L thf 2nd and ^ 

taf ®th#r 'Tij*Btp p or tne 2nd and 3rd players are arranged 



Construct as many of the different color arrangements as you can in Table VI o The 
example we tried is already included » 



Table VI 



Arranged with 1st and 


2nd players first 


Arranged with 2nd and 


3rd player 


s first 


I 1st 
I Player 


2nd \ 
Player \ 


3rd 

Player 


Final 


1st 

Player 


/ 2nd 
1 Player 


3rd\ 
Player 1 
1 

color/ 


Final 

1 


\ color 


color/ 


' color 


Resul° 

^ ^ v-l ^ 

color 


color 


V color 


Resul- 

tant 

color 


Brown 


White 


White 


Brown 


Brown 


White 


White 


Brown 



What decision did you reach? Does the arranging game rule hold in the game of Flip 



The Chip? Yes or no? (29) . The acceptable response is yes since you 

did not find any examples for whic. the arranging game rule pattern was not true* If 
you checked all eight possible examples and found them true^ then your answer is final* 

How about inverse? Is there an inverse for each of the left chips? If the right 
and left chips are inverses ^ the resultant chip will be the identity^ a 



(30). 



chip* We observed that the identity is the brown chip. 



Let's try one example * Suppose that the left chip is whits* What must the right 



chip be in order that the resultant 



be the identity^ a brown chip? (31) 



o You are correct if you said that the right chip should be a 
white chip* Now we have an inverse when the left chip is white. 



ERJC 













10 



But in order for the inverse game rule to hold, each chip must have an Inverse o 
Consider the partial data presented in Table VII and try to supply the missing data* 



Table VII 






What did you decide about the existence of inverses for every left chip? Does 

the inverse game rule hold? Yes or no? (32) , Bxcellentl 

The acceptable response is yes. 

Since the distributive game rule requires two ways of operating with or 
manipulating objects and there has been only one way described up to now, it 
does not make sense to explore this game ruleo And so, wo end up with which 

game rules holding in Flip The Chip? (33) 



And which not holding? (3U) 




Left Chip 


Right Chip 


Resultant Chip 


brown 




brown 


whits 




brown 


1 


white 


brown 




brown 


brown 









r 
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MATERIALS FOR SESSION V 



Packet B 

10 chips 



c 













)-.4.l- IHJ.I iUl'l :W„ j I J ^ I J,ip Hi^ijiy.iiji. ,,.L..ji ^1 ijji iijjii|i9jui|||jiii 



¥e are going to begin today's session ™!!’'°Arfyof thirsty? 

rr;r:if“”Twro?s: k::: ^ 

filled clean water. We are going tc investigate P”®”® °1 ^ 

water fro. one pitcher if- “f ^fZ^7lZ lLl\^r. are fo«r 

We conld ponr clean ^^ter 

or we conld powr clean water into dirty water. ^ ^ «a+oT« ^nto clean water, 

^nr dirty wster into dirty water or we^coald ponr dirty water into clean water, 

Are we ready to coooiuer 21 few of theses 







DiVfy u/fli'er 



Clean wafev' 




'Re sol •fdUdt toofer 



I 

n 

1 











M 




.Min !■ I J. ; .u 1 . 









(ObJtotlTi 3) ■ (5^) 



Dttemina whioh of th« game nalfs hold for the 
poniring of water (eloara or dirty) from one pi^her 
into another o For each decision which you make ^ 
describe the data which leads you to your decision. 

Remember every game rule does not j 

to hold. You might find it helpful to look at Table I. 



Table I 



Pour from this 

pitcher. 
Water isg 


Pour into this 

V 

pitcher 0 
Water isg 


The resultant' 
water isg 


Clean | 


1 Clean 


Glean 


Dirty 


Dirty 


Dirty 


Clean 


Dirty 


Dirty 


■n-? -»«+-w 

UJJL VJ 


Clean 


Dirty 



' f-a 

-!m 



Closure g 







Reversibility 8 



Arranging 8 



> 






Identity! 



Inverse: 



ERJC 












1.> A»WWW4V^JW4J:W'W|I11 ilJilAJ JB.fljpi |ll |l 1 1_ II. ]|l 



er|c 



■'•irr' 



Second Experimental Edition 

SESSION VI 

EXPANDED NOTATION - ADDING WHOLE NUMBERS 



OBJECTIVES* 



At the end of this session the learner should be able toi 



(1) demonstrate each step of the expanded notation algorithm for 
constructing the sum of any two whole numbers of two or more 
digits as they would be carried out by a machine , 



(2) construct a convincing explanation that appeals to observations 
' based on a physical, situation for each step in the expanded 
notation algorithm for constructing the sum of any two whole 
numbers of two or more digits. 



(3) construct an explanation that appeals to agreed-upon game rules 
for each step in the expanded notation algorithm for construct- 
ing the sum of any two whole niimbers of two or more digits - 



ACTIVITY ONE 



In today* s session, we will investigate an old process used to con- 
struct the sura of whole numbers of two or more digits. This process is 
closely related to our familiar base ten number system. 



In front of you, you should have packet A, Open it now and place ^ 

uiis contents OI oag x uu yuux xolo e»*iu ^ ^.XO 

How many objects, let*s call them chips, are in the pile to your left? 






( 1 ) 



How many in the pile to your right? (2)_ 



There should be 2k in the left pile and l8 in the right pile. Now, as you 
might expect, our process is one way that we can arrive at the answer to 
the question *'How many chips were in packet A?” 



You could easily count the twenty-four chips and then continue count- 
ing for eighteen more units to find the answer to this question, but we 
want a process that will be easy for combirang any whole numbers, even 
quite large ones, and counting could be a trifle laborious. Letts agree 
at the start of the process to define a group of ten of our chips as one 
stack. This will make combining large numbers a good deal easier, as you 

will see. 



Now that we have this new definition, let*s use it. Gan you express 
vour pile of chips which has twenty-four chips in it in terms oi suaoK.at 
Arrange your chips so they reflect the new tem, stacks. What does your 



original pile of twenty-four chips look like now? (3) 



DU 



VI 



I 



fe«Ti»g5^Tga?itfMiigarraBfss^dn>Mrr.ts;iS^^ 






Since yon all know that twenty-fonr has two tens in it, yon Should f 

making two stacks and then ha+ing fonr single chips left over. Now go 

pile of alghteen chips. Arrange these chips msing the idea of stacks. How did 



this pil© ©Bd 



/ 

/ 



Fine I Sin©a ©ighteen has only one ten in itj jou could form only on® 
eight chips left 0 Ter<, 



so had 



Now that we have our chips in groups r'e-flscting our new term^, we can proceed on 
pur way to finding out how many chips there are o We said that we formed 



f r>\ 



Stack (s) from the original pile of twenty^four chips and (6) __ 



stack (s) from the original pil® of eighteen chips o You. should 



,ha¥® no problem remembering two stacks in twenty “four and one in ei^teen. Now look 
'■'at the chips in front of you. Mot© th© stacks together. How many stacks are there? 



(7> 



You ha¥© fonnedp so far^ a total of three stacks p Kow many 



You 



single chips are there that are not part of any stack? 

can easily see that you ha^e four single chips left from the original pile of twenty^ 



four chi^ and eight' single chips from the original pile of eighteen chips „ None of 
thet>e chips are in a stacke So w© hav© twel¥e chips that ar© not in stacks * Can 
you form any more stacks out of these extra®” chips? Yes or no? 



(9). 



jiot tryins to -trick yoUj> certainly you 



. How many? 



( 10 ) 



No problem here^ either ^ is there? One more stack 



can be formed out of th© twelve »®extra®® chips. Now ar© there any chips that are 
still ®® extra-®? Yes or nOp if yesp how many? (ll)^ 



Since w© agreed that one stack had ten chips in it and not twelvsp there are two 
chips that ar© still not in any stack. 



L©t‘s now S 00 wh©r© w© stand. W© had two stacks in one place and one stack in 



another and w© combined th©m and had three stacks. At the same time we had twelve 
®*8xtra®* chips. Arrange the stacks together. How many stacks do you have in front 



.of you now? (12)^ 



Fdghtp on© more than you 



la.'/w '.yiifle you 



checksdc You only had three last tim© and one more makes four. After the- last 
time we'looked at' the number of stacks we had. we asked how many chips^were not 
in stackSo It seems like a sensible thing to do h®r©p too. How many “extra 



' chips did we say say wa.had? (13), 



Ahp yes I It was 



' only two, w»*-n»t It. So our\;question.i$. answered. ^ There were (lii)^ 

' -stacks -and f - chips in the packet A that. we started with, 



ERIC 
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Yes, four stacks ard two chips. If you were asked, by someone who didn't know our 

terms, what the answer to the problem was, what would you tell him? ( 16) 

o Certainly, you would say forty- two chips. 

Let’s quickly summarize the steps Xvc t" k. 



2 stacks ax"id k chips 
1 ~:tack and d chips 

3 stack.- and 12 chips 



3 stacks 

1 stack and 2 chips 
li staci R a • d 2 chips 

Just take a moment now to line-up your stacks and chips like thisg 










'i 

i 



t 









’ 1 Zlm. - 






’r.! . 








-‘nrr'OF 



















... ;r:; 




















•Itu. ...... . . . 
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a’wxjw V 


r : i 
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r - • — ^ 






h * -™ 







One thing we want o is to get cu:^ stacks together, but like any game, we must follow 
t’^e rules. Are t; e an"" game rul.es that allow us tc reverse the positions of the 

single stock and the •o.-' c'"ips? Yes or no, .^and if ves, name it? ( I?) 

Sure, we hav'^ ’"eversibilit/. But we skipped 

something. Remember the four chips really are arranged with the two stacks, and the 
one stack goes with the eight chips. What game rule may we use to take the four chips 
and one stack out of Iheir arrangem.ents and get them together before we 

reverse? (18) Good’, The arranging game rule will 

do it. Let's see w^hat our line-up of the chips would look like after using the 
arranging game rules 



li 








of chips would look sot^ethlng liks 



The iisx'E^^ep involves arranging the four chips and sight- chips together © VJhst gs»:s 

Once again we are using the 
arranging game rule and our line-up will look like this 8 



ZJ 






But now the twelve chips can be formed into a stack and two "extra" chips « The 
line-up id.ll look like thisg 



x=.~: < p: 



irrr 



■rm 

3 



r.*p=i 



'» c 



4 

rrr-3 



y c 



nj: 



cr*r-.r! 
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Once again we want to arrange all the stacks together. Using the arranging game rule 
we would have the following line-ups 




ACTIVITY TWO 

Let us now take a look at what this process looks like in regular numerical 
notation . 

Step 1. 2U + 18 * (10 + 10 + U) + (10 + 8) 

Step 2. (10+ 10 + U) + (10 + 8) - (10 + 10 + U + 10) +8 

Step 3* (10 + 10 + 4 + 10) + 8 ~ ( 10 + 10 + 10 + i;) +8 

Step U. (10 + 10 + 10 + U) + 8 = ( 10 + 10 + 10) + (U + 8) 

Step (10. + 10 + 10) + (U + 8) = (10 + 10 + 10) + 12 

Step 6. (10 + 10 + 10) + 12 = (10 + ]0 + 10) + (10 + 2) 

Step 7. (10 + 10 + 10) + (10 + 2) = (10 + 10 + 10 + 10) +2 

Step 8. (10 + 10 -r 10 V 10) + 2 = UO + 2 ~ U2 

Where do you think our o^me rules were used in this process? Look at the eight steps 
above and ask yourself why each step was permitted. 

Now, was closure used? Why or why not? (20) 



Closure means that we can find the results with our system. Here we begin with whole 
numbers, and our answer is a whole number. So closure was used. 



*er|c 

















The answer to this question is quite clear since the arranging rule weo used in three 
different steps, 2, 1|, and 7. 

Probably the next rule to be investigated should be the reversibility rule. Did we 

use it anywhere? If so, where? (22) , Good for you, step three is 

correct. 

If you look at the remaining four steps, 1, 6, and 8 you will see that you can 

justify them merely by appealing to the renaming of numbers. 

Notice that we have used our game rules as a convincing argument for the algorithm. 



ACTIVITY THREE 

Let’s examine this expanded notation algorithm in its usual form when we don’t use 
chips to explain it. The addition problem would usually be written like thisg 

2k I or thisg 2I4. + I8, Since we are using the expanded notation algorithm, we 
18 

will rewrite 2I4 in expanded notation. What will it look like? (23) 

18 would be writton in the same way. The whole algorithm would look like one of these: 



2)1. 

16 



2 tens + I|. 

1 ten + 8 

3 tens + 12 

3 tens + 1 ten + 2 
k tens + 2 



2 k 18 

2 tens + 1; + 1 ten + 8 

2 tens + 1 ten + I4. + 8 

3 tens + 12 

3 tens 1 ten + 2 
U tens + 2 



k2 k2 

The vertical procedure is probably easier to keep track of from the standpoint of 
bookkeeping, ITae horizontal procedure better fits an explanation based on the game 
rules. 
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PRACTICE EXERCISE 



7 



In case you should feel the need, at some future time, to review this session, 
here is a practice problem for you to work out. 

Use the expanded notation algorithm to demonstrate the sum of 39 and 59 o Use 
the idea of the stacks, or some other physical situation to explain adding 39 and 

59. What game rules did you use to justify the different steps? (21) 



ANSWERS 



For your Activity One, you should have something that looks like this* 



39 * 3 stacks and 9 chips 

59 ^ stacks and 9 chips 

8 stacks and 18 chips 

8 stacks 

1 stack and 8 chips 

9 stacks and 8 chip;: 



lour Activity Two should have the same rteps as we had for our example today, but 
with different numbers. Since the steps are the same, your rules to justify each 
step will be the same as we used to justify ours. Refer to the material in 
Activity Two after the listing of the eight steps. 
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Packet A 

bag 1 
bag 2 




MATERIALS FOR SESSION vl 



2k chips 
18 chips 
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SESSION VII 

RULE OF COMPENSATION - ADDING WHOLE NUMBERS 



OBJECTIVES! 



At the end of this session the learner should be able tot 



( 1 ) demonstrate each step in the algorithm of compensation for 
constructing the sum of whole numbers as they would be 
carried out by a machine. 



( 2 ) construct an explanation based on a physical situation for 
the algorithm of compensation for constructing the sum of 
whole numbers. 



(3) construct an explanation based on the game rules for 

the algorithm of compensation for constructing the sum of 
whole numbers. 



< « same nv aber, such as 
^ ^ ^ ^ 2 + 2 + 1, and ' + 3 . This is 
qu 3 .te a few names, so, for the present, let us limit the number of 

J®strxcting ourselves to names with no more than two add«*nds 
greater than zero. What other name can you think of for the number 1;? 



( 1 ) 

( 2 ) 



Are there any other possibilities? 
If so, list them. (3) 



Did you list 3 + 1, 2 + 2, and 1+3? These are common acceptable responses. 



ACTIVITY ONE 



a materials from packet B on the table. Now before you is 

group of physical objects. How many are in the total group? 



(h) 



You should have 8 objects. Regroup these objects 



so they express one of the other names for 8 . Write how you regroup them. 

(5) 

• What other possible regroupings 



are there? Regroup the objects and write your answers. ( 6 ) 






All the possible regroupings are. 7 + 1, 6 + 2, 5 + 3 . ),”+ i, 3 + e 
fii^ifhed! ^ materials to packet B after you’have 



2 




ACTIVirf TWO 

. Sinc6 /iT6 ar6 goinf^ to bass the physloal representation of tori'! Vim nn rp£yr»mir»- 

c”on°the^taMe’ ^Th'^ a second example of regrouping, riaoe thrcontents of picket 
C on the table, l^ere are 16 objects this time. Regroup these 16 objects so t,hey 

express another name for 16. How write down all thi possibilities as you identify them. 
(7) 



Check to be sure your answers are oo^plete. The correct regrcupings ares 1 + 15, 2 + lit, 

Ih + 2 ani Id /, 6 + 10, 7 + 9, 8 + 8, 9 + 7,, 10 + 6, 11 + 5. 12 + h, 13 * 3 , 

l4 2, and I3 + 1, Please replace the objects m packet Co 



ACTT/ITY THREE 

Place the materials from packets D and E in separate groups on the table » How many 

objects are in each group? (8) T»r« 4. x 

B F yuj , We want to construct the 

objects. The procedures we might ordirariJv use to 
combine these groups are not necessarily t> eaoies'^. ones. What way of regrouping these 

objects can you think of so as to ma..e t. .ombi.ing easier? (9) 

It IS -usually quite easy to work w1.tr. multiples of ten, isn't it? Hew could you regroup 
one of your groups so as to make the oth ji g.voup a multiple of ten? ;'10) 



There seem to be t'wo possibilities, ^ a) regroup the 13 



group as 11 +2 and then combine th? 2 with the I8 group, or (b) regro p I8 a- 11 + 7 
let^s^^L^"!'"^ it'neceskiy t^. o?/^; L objects. 



( 11 ) 



We now have a group of 20 objects. B,.t /hat is the advantage of ..iving 20? ’ 



Don't you think that having that zero to work with is easier than working with the 8 
you had before in 18. What is the total number of objects? (12) 

The answer is obviously 31. Please return the objects to the packets before goTng on' 
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ACTI7ITY FOUR 



•«..;."'‘'pi".TS j:„"t“s ,'“G“““:/it“ “• r ““ - ‘“" .“ 

?h«t^^fhave'‘thrL°t™es"of" T'’ T" noticl'^"' 

th=L !>, ■ ! • ^ objects, ^.:;nc!red bundles, ten bu :' . ,s, and units Usins 

go through! ^ e''°"ps, let's work a pi'.bl-in step by step an:- ; ,te the procedures we 



identSvine°th!”'<»amo^^ i horizon. al form to ;],ake 

Identifying the game rule, easier.) How could y.u regroup to make some of the addends 



a multiple of ten? Don't hesitate to try it. it i, n't really very hard. (13) 



One possible solution would be 



28 - (2 . 170) - 9U M6 - 73) - (28 2) . 170 * (9I* . 6) * 73. From wnere did the 

2 come? (1)*) g, 



You can see that the 2 came from the 1?2 and f-^e 6 from ^7?. After combining the 6 
and 9 h) what would the problem be? (16) 

Did you get 30 + I70 + 100 + 73? Good* ^ 



Can we regroup this new set 'of addends to come up with some addends that are 
multiples of a hundred? Try Itl What was you conclusion? Yes or no? (I7) 



When you regrouped did you get the result (30 . r.O) . 100 . 73? Fine' Whyl!^’ 'the 30 
grouped with the I70? (I8) 



Naturally, the 30 was regrouped with the I70 to .n addend of a multiple of a hundred 
What do you get when you regroup 30 and I70? (19) 



Naturally, you get 200. Now then, what will the final addenus be? (20) 



. Sure, they're 200 100 + 73 » What result do you get 

when you carry through this addition? (21) 

^ Right I 373, 



.d.. 2 ;Si*” 

avrirtiat 28 172 * 9 h * 79 with 200 + 100 ! ?3 Yol fhouU 

rm7t^^rL\^7o“!hrpa7\r ^L^sfr^tL 



I 



o 



'V '* 

4 < 









ACTITITY Fr/E 

Let»s now discuss the ;:rairje rules. Did 
how? [ 22 ) 



we use the game rule of closure? If so. 






number of objects in it. Did we use arrangement any place? If so, i^ere? ^23) 



s s:rrr.r^, ”3K.%rv"" 

in more detail in the example below. shown 



28 -I- 172 + 9 h ^ 79 - 28 (2 170) + 9I1 + (6 + 73) 

= (28 + 2) + 170 + (9k + 6) ^ 73 
= 30 + 170 + 100 + 73 
“ (30 + 170) + 100 + 73 
= 200 + 100 + 73 
= 373 

Renaming is not a game rule, but did we use it? Yes '^r ,^o? (2l|) 

Where did we us«=> reufuniug? ( 25 ) 



We renamed where wo regrouped, so we ^ena^ed 172 as I70 and 2 and also we 
as 6 and 73, Did we use any other game rules? ( 26 ) 



of °o”bininL”bSt"j;JetC1rnorany"otherrwerf^ 




]aQDClZ3-i0i:zr:sDE::iaL^ 



I 
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HIACTICE EXERCISE 

lo Place the contents of packet J on the table « Physically regroup the 18 

objects which are in front of youe Write down as many different regroupings 
as yoii can» 

2 o Demonstrate the algorithm of compensation as shown in the example in 
Activity Five using 276 + + 82 + 69» Show ell steps o 



3o Identify each step in which you used a game rule in the demonstration of 
the algorithm in part two above » Name the game rules and list the steps in 
which they were usedo 



1 



6 



ANSWERS 



lo 17 1, 16 + 2, 15 + 3, lU + ks 13 + 5, 12 + 6, 11 + 7, 10 + 8, 9 + 9, 8 + 10, 

7 + 11, 6 + 12, 5 + 13, U + lU, 3 + 15, 2 + 16, and 1 + 17c 

2e This is a possible procedures 

276 + U5U + 82 + 69 ~ 



Step 


lo 


276 + 


(h + 


li 5 o) + 


(81 + 


1) + 


69 = 


Step 


2o 


(276 


+ k) 


+ I4.5O ■*■ 


81 + 


(1 + 69) = 


Step 


3 o 


280 + 


U 50 


+ 81 + 


70 = 






Step 


ho 


280 + 


(20 


+ U 30 ) 


+ 81 + 


70 = 




Step 


5 o 


(280 


+ 20 ) 


+ U 30 


+ (81 


+ 70) 




Step 


60 


(280 


-f- 20 ) 


+ U 30 


+ (70 


+ 81 ) 




Step 


7 = 


(280 


+ 20 ) 


+ (U30 


+ 70) 


+ 81 


sz 


Step 


8 „ 


300 + 


500 


+ 81 «= 








Step 


9 o 


881 













3, Arranging was used in order to get steps 2, 5, and 7o 
Reversibility was used in order to get step 60 

Closure was actually used in order to write all the steps since closure 
is needed to be sure the sum of whole numbers is a whole number 0 
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M&TERXAIS FOR SESSION VII 

( 

(■■ 

/ Packet B 

8 chips 

Packet C 

16 chips 

Packet D 

V 

13 chips 

Packet £ 

18 chips 

Packet F 

2 bundles of 10 toothpicks + 8 single toothpicks 
Packet G 

1 bundle of 100 toothpicks, 7 bundles of 10 toothpicks, + 2 
single toothpicks 

Packet H 




Appraisal - Adding Whole Numbers 



Have you ever seen people solving arithmetic problems in ways that looked quite 
unusual to you? There are many unique procedures for the arithmetic we usually take 
for granted. The interesting and valuable fact^ thoUfc,h, is that these procedures can 
all be explained in terms of the game rules. This is one reason these rules are so 
useful and important. 

Consider the following algorithm: 

n 

n 

to 

i 

•*•-3 

306 



The steps taken in performing the above algorithm might have looked like this: 



1 . 



168 

91 

li7 



2 . 



J'68 

91 

li7 



3. 



9^1 

LiL 

19 

1 



u. 

i} 



5 . W 

a 



ix 

2 



6 . W 

n 

20 



7. 



xm 

XX 

to 

X 

3 



8 . 



XX 

XX 

f 

J 

loT 



This is called the scratch method for adding whole numbers. 













Now look at this example! 



1. h9 

iMl. 

3 



2 . 



32 

1 



*3m 

“|2 

X 

h 



i;. 



‘^J>M 

323 

Xi 

k 



?3 

XX 

h3 




+; 

fe 

XX 

hZ 

“W 



(Objective 1) (2) Demonstrate this example in horizontal forms 




(Objective 1) (3) Now name the game rules that were used in going from one step 

to another in your horizontal form. This response can be 
recorded below or beside the steps in your horizontal example 
above o 










er|c 



^Wiliiiii 







(ObjectiT® 2) (l) 



'}■ 



Open pecket Ko Use the objects that you find in t^ajuto 
packet to copstruct an explanation for the algorithm you 
have Just seen* Draw pictures and/or write an explanation 
below to tell irtiat your explanation is. 
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1-JHERE? 



OBJECTIVES s 

At the end of this session the learner should be able tog 

( 1) demonstrate the addition of ordered pairs of whole numbers o 

(2) construct a physical explanation for the algorithm for adding 
ordered pairs of whole numbers o 

( 3 ) demonstrate some of the game rules for adding ordered pairs of whole numbers o 



Last week I took a trip to a fascinating town with some rather unusual features o 
It is called "l/i/here", and there are several outstanding sights to see there § but before 
we were able to see any of them^ we had some problems to solvoo The bus had let us 
out at the corner formed by the intersection of two streets, both of which seemed to 
be named "O''o We hailed a cab and then took a look at the map we had been given o The 
map indicated the locations of some of the places bo see, and 'rs decided we would like 
to go first to the Cathedrali that's when our troubles begano The streets were laid 
out and labeled as shown beloWo What should we have told our driver? 




Cathedral 
Museum 
Art Gallery 
Catacombs 
Old Castle 



v/ 

□ 

X 



How would you have directed someone to get to the Cathedral? (1) 



Sure, I know| and we did try by-passing directions ajd said, ^‘Take us to the Cathedral 
I The cabdriver answered, "Which one?" Of course, at that point we almost resorted to 
pointing to the map, but somehow that didn't seem fairc Anyway, it wouldn't help for 
the next time^ The result was that everyone tried a different set of directions and no 
one understood anyone else^ By this time we weren't even sure of EJast-West, so that 
suggestion went down the drain. Then came the gripping. Why didn't they letter or name 
one set of streets??? We couldn't even use going "ahead" or "left" since we didn't 
know how to say which was our position. Hovrever, in our discussion, the reason for 
having two sets of names for two sets of streets did become apparent. 











2 



^ A:!’ter all, everyone would know how to go to 2nd arid B StSo Our driver, who had been 
taking all this in as he smoked and lounged, suddenly stuck his oar in and asked "Wiat 
LS clearer about telling a place by a letter and number rather than using 2 numbers , ( 
It's perfectly clear to us 4 >* What kind of rule or clue do you think they had that made 

, it clear to them? ( 2) 



Gome on, guess o And what would you have said to the driver? Everyone turned on him and 
demanded "How do you know which of the two str j:t,3 the same name to go to?" To our 

chagrin, he ! aughed till he wept and said, "Dc.j't tell me no one remembered to tell you?" 
"Tell us? Tell us what?", we cried in fuiyo I guess he decided it would be safer to 
tell us the secret. What do you think he said? ..ny of a number of methods might work, 

so list a few and see if one agrees with the people of 'Where", ( 3) 



When they spoke of an intersection, the natives us 3d the numbers of the two streets, 
but they always gave first the number designating the labels on the horizontal of the 
grid shoT-m below. Sometimes this direction is called 'Over'*, and the second direction 
'Up", So, for the rem.ainder of our stay in "Vlnere*', when we saw something like "five, 
three’- or ( 5^3)^ we knew we first went five streets in :he direction of the arrow. 







- > First number — ) 

Despite the wasted time, we had a lovely visit, and what's mors we learned to receive 
and give directions for getting around "Where", 

Just in case you decide to visit this delightful place, let's practice getting around 
there. First, this notation has a name, and since it invoJves a pair of numbers written 
in a specific order, what is more natural than "ordered pair". The ordered pairs (1,2) 
and (it, 3) have been graphed below. 
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?ro;' tne packet of graph papers p take Grid I and one it mark (3pl)o Come orip donH 
hold backo Give it a try ard>, if necessa^ • -%esSo When you have marked it, look 
at Grid II to see if you agree^ If your d ‘ in the same placej go to Grid III 

and ti'y some ir.oreo If ycv. were r' cbtj :;o o ^ 



Using th'i ordered pair notat:. 
moving on street:' only (no crossing 
On the f’^'s': trip, we’ll start at (0 
becarse w ha~ e to make a stop on tt 
read as 2 'Ove- ■ a d ^ *'Up‘‘ . You'l.i 
T:is seconvu p u. of the trip to (8,7'; 



, i''-. -‘s a few trips » This nota.tion allows 

.mpty lots Do Before we start , take our Grid I7o 
p 0 , ■/: .. -h des tination ( 8 p 7 ) “ “ don « t move yet p 

w;.'/^ so let’s go to (2p3)s» 'which can also be 
see this part of the trip marked on Grid IVo 
will be written in the same wa.yo What trip would 



ycu take from (2pD to get to (8p7'? (u'y 









d (5 



J 



Do we agrucV Did you get (6p2)? Gcodp you’ve earned the 

tripi starting where ;he marking ends at (251 Grid T/p you put in the second part of 
the tripo Wa made this crip to (8p7) in two parts p but what if we didn’t need to make 
a stop on the w^y? What single '‘Over and Up' trip would you take? 

( 6} Was it (8p7)? Of courseo Mark it on Grid IVo 



You’re dcing so well, it’s time fcr a so]'o Us:.; 

f>T"(gp‘h *n]Lir) g ' )[ 






th 1 ■ two -na r t 



trip on the 



rg C'.'id IV and starting at (OpO) 
, ' ) and then ( li « li) = 



And where did you end this time? ■' f) Same place (8p7)? 

Very gcodo We've only taken two trips vith different stopovers but the same destination. 
Now look at the Giid and just think of the number of trips ;ou could take in two parts 
and a] ways eno on ( 8 , 7)0 Quite a feWpar.-'..«t there? And I’ve been wondering, did we 
uravel anv fu'.'’ther, or perhaps less, in a two-part 'urip tn^.n a one -part trip to the 



same place? . 1; If we look . t ^he Grfcd, it showo that you travel 

the same number cf streets over and the same number r.p whether we go there in the most 
direct manner or make a stopover on the wayo There ought tc be some big discovery 
we can make from this I Let’s look again at tiie ordered pairs. 



First trips (2,5..? then (6,2), to ( 8 , 7 ) 

Second trips (U,3)c, th (hsk) 9 to (8,”) 

Our markings on th? grid and t’ e ordered pairs seem to be saying the tsame thing. Take 
a craci at wo'di':, what you see, (9) 

How does the following compare with wnat you -aiJ? v I'ne sum cf th? "Overs" _n the two 
part t fin equals t.oe ^'"sr" on the one-part trip, and the same is true of the "Ups"), 
No? Y V don’t agree' rlease, aay it isn’t so, bat if >ou C'.lly think t^.e statement 
.is false, please go over the last couple of paragraphs. When this *.s clear, see if 
your agreer:ent will include replacement of the word then with plus and the word 
with equals ? 




This wov.ld give as (2,5) (6,2) ~ (8,?) and (U,3) + (U,U) ® (8,7), Has this been 

true for every example you have tried? Tes or no? (10) 



:< 



Then, for the time being, can we agree that for two ordered pairs o„ whole num.bersg 

(a,b) + (c,d) - (^a + c, b + d)? Yes or r.o? (11) If you would like 

to test more or just practice use Grid V to graph some of the trips listed there. Be 

sure to fill in the blanks for the trips aod commre with the trip checks at the bottom 

; of the grid AFTER you graph and write each trip. 

In all of this exploration today what, have ;*e been working with? What elements? 

( 12 ) 

Sure, ordered pairs. What operation have we •esn performing? ( 13 ) 

o What, all this time and we^re still on addition*. So our 

objects or elements are ordered pairs and our ov.eratj.on is addition. When wo add two 
or roxe of our elements will we always get anothc-r element? Or put another way - when 

wo add tw :; ordered pairs will we always get anof or pair ? Yes or no? llr)^ , 

It is true that we have not tried all pairs or carried out a forma? proof, so we must 
hedge our answer and say that as far as our expedience goes, we alurays get another 
ordered pair when we add two or mjore ordered p:irs. Hence, we can say that the game 
rule of closure appears to hold for adding ordered pairs. 

Now add (3,2) and (5>8) , (l5) , Try it in reverse by 

adding (5^8) and (3,2), Does it matter in which order you do the addition? Yes or 

no? (~-6)__ 0 Try at least or.e rc"e example with other pairs and 

check, ( 
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I 



I 

I 

J 






Which gams rule are you testing? {I8)__^ 

The reversible game rule is being testeo here, Ga : you find an example of addition of 
ordered pairs which is not reversible Yes or no? (19) 

Since your answer is no, you probably feel that the reversibility game rule holds for 
adding ordered pairs. We do have a fairly good argument, but we cannot be sur-^ that 
an example will not turn up sometime later which will force us to a different conclusion. 

Try adding any three ordered pairs. Did the answer depend upon which two pairs you 

arranged together and added first? Yes or ro? (20)_ , What support 

do you have for your answer? (21) 










imimmim 






iiiiiiiirTi'' "fir *'rf’-~ni 






■'oli.' exanrpx. s pr .^ably look fsometbinp Dike this 





(?,15) 



V/hat game rule are you testing? (22) 

Does this game rv.le hold for addition of ordered pairs? *23) 



Did you place an. reistrictions on :/..ur conclusions, {2k) 

o If 7 /es, which rest ictions? (25) 



You can a .as support your answers by trying some examples » However^ our use of 
a few examples does not prove that it holds for all cas Sj so again it is best to add^ 
rfjstrictionc 0 Ih.n let*s say, until we f?nd evidence to the contrary, the reversibility 
and arrangement game ru.l.es hold. In that case, we have constructed the sum of ordered 
nairs| we have cons .rue ted a convincing ‘-.'xplarjation of the aodi.>ion using the physical^ 
representatio . of the grid| we have demons trateci some of the gamie rua.es for the operation 
of additior , 



Con^-'- atulations I 










I J uj?ii^!f(S5a!say »i)<j;u!.„ w*iii-ji., i. 









Perforinance Tasks 



(Using the algorithm for addition of ordered pairs of whole numbers ») 

1) (20,12) + (72,91) = 

2) (13,16) + (7,8) + (22,)4l) 

3) (la32,271) + (2,3) - (7,3C) + (21,i;20) » 

li) Which "game rules" can we demonstrate in this addition? 

5) Can you think of another way to physically represent this algorithiti? 
If you can, construct an outline of the prccsedure. 



Answers to Perfo.'manoe Tasks 



) 1) (92,103) 

) 2) (li2,63) 

S 3) (1*162, 72i*; 

[ * ♦ 

h) An additive Identity ex:istsj every element has an additive inverse f 
the ”:ilosi)re-’, '’arr'angement'* and '’reversibility*- game rules apply,, 

5) We cannot state a “correct" answer for this item since there may be many answers* 
If you could not think of an answer ^ just keep in mind the grid idea which we used. 



o 

ERIC 
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tfaiaiTJ 












E5^.- '■-: 



G^ R I D XH- 



Remembert The first component of an ordered pair means "go to the idght 
Remember. ™ line". Go to 5 along the Wizontol 

0-line on the grid belowj now go "up" from there 3 ^es . You 
just plotted (^s3). Ti’y another, (2,ii)o l^ant more!? Okayi 
(12,7), (U,6), (8,2) o Answers are on Grid III -A. 
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SESSION IX 
MORE WHERE? 



OBJECTIVES I 

At the end of this session the learner ushculd be able tog 

(1) de’Tionstrate the addition of integers ramed.by m^de-^ed pairs of whole 
nomberso 

(2) construct physical explanation for- the algorithm To:' adding integers 
named as oidered pairs of whole numbers. 

(3) demonstrate the game rules for al.in;'^ integers named as ordered pairs of 
wsole numbers. 

L' session we visited the to^'' o" 'Wler :d made ' interesting 
discoverlsc about the streets and trips ” t could be ;iado on them. Look at 
Grid VI and let*s review briefly. If we wante'^ to make trip tr ■' ’.e X on 

this grid, '.-ould do it by naming an (1) 

which would tell us how ut geo here if we started at the poirrc of intersec- 
tion (2) » — ^ remembering accurately if you said 

we would name an "ordered pair- and that cur starting point would be (0,0)o 

What ordered pair would name t'-e l c:atl.:^n of the^Si on Grid VT? (3) 

. We should keep mn f t an ordered pair can be used 

in two ways 5 it can name the parts ..f a s' Is or 'i.c ran name a particular loca- 
tion on the grid or map. If you said the ^ iocr lic'-:. :culd be named by (10,3) 
you were correct. 

Another thing we did with the trips last session ma , to ccmbinei two or 
more trips to get to some specific ideation and to study the various ways this 
could be done. For example, on Grid VI again a trip of (U,l) followed by a 

trip of (1,3) would get you to which point on the grid? (U) 



. The correct point is iss cir^ d po^nt on the grid- -the 
ordered pair We represenbe.' tb' trip as (U,i) + (1,3) ~ (3-»U) 

and notice that (a,b) + (c,d) *= ^3) 

case of adding ordered pairs or making two consecutive trips with the first 
one starting at (0,0). The last answe:' should have been (a-t-c,bvd). If 
you did not get this it might be well to get out Session VIII again and review 
the first few pages. 

There are some other interesting onaracteri sties of travelling in ^¥here” 
that can be brought out more clearly if we study the map or grid which we have 
been using to indicate our trip. Look at Grid VII. This is a grid of the 
town on which some diagonal lines have been drawn. We shall call these diago- 
nal lines, ’’avenues", but they shall differ from ordinary avenues in that we 



yc 
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shall not travel on them, ¥e shall use them only to call our attention to the 
particular street intersections which they connect. Choose any one of the ave-*- 
nuesj say perhaps the one through the point (2^,0), Have you located it? 

(6) , If not, you may notice that there is an arrow pointing 

to it along the lower edge of the grid. Is that the one you had already picked? 
Goodl Write ordered pairs which name two of the points on the avenue, 

(7) » You may have written '',2,0), or (351)5 or ih $^)3 or {S)3)) 

or (10,8), or any of many other choices. Now, use the two points (U^S) and {^,3) 
to take two tripsj first, use one of the ordered pairs to take your first trip, 
then the other for your second trip as we hsve done previously by starting at 

(0,0), What is the ordered pair? ( 8 ) , What avenue did 

you land on? (9) , 1*11 bet r can tell youl 1*11 bat you 

landed on the avenue which goes through the point na; -.d by the ordered pair (9,5). 
Right? Now pick any other two points on this avenue through (2,0) and use them to 

make two more trips in f' e same fashion, 10)^ 

a /-/hau a' enue did you land on this time? 

(lij , You may not h .lieve it, but I'll bet I can still tell 

you. You landed on the avenue through', the point (U,0) didn't you? 

(12) , Remerber I am just naming the arenue, not the 

specific pointl Now, am I right? (13) , Goodi It*s the 

same avenue as we previously landed on, isn't it? (li;) • 

Do you wonder how I guessed that since I didn't know .hi parti cu].ar points you 
had named? No, it*s not magic, and I didn't pee<c over your shoulder. Let's try 
some other cases. Consider the avenue through the point (352), Name any point 
on that avenue. Have you made your choice? Now name any point on the avenue 

through the point (T^i;). (l5) , U'-ing the ordered 

pairs that name the points you have chcocn, take '.he indica-ed . . .^. s and decide 
which avenue you land on. Remember that yo'.. may ac tonally coun.. ..^1 the trips on 
the grid or you may add the ordered pairs as we did last sessio . , i'hioh avenue 

did you land on? (I6) . , I 'I" bet it's the same 

avenue that the location (10,6) is on. Is it? How could I predict your answer 

not knowing the specific points you started with? (17) 



Do you still have some uncertainty as to my method? If so, let's look at another 
example. Consider the avenue through (6,1) and the avenue through (2,1), Name a 
point from each one. We could use (6,1) and (2,1) themselves. Take the trips or 

add the ordered pairs, (18) . Did you write 

(6,1) + (2,1) = (8,2)? Goodl Try two other locations on these same 
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avenues. Say (8^3) and (3j2). Add the trips or add the ordered pairs. 

( 19 ) o Is your answer the same as mine? 

I got (11,5). Goodl Now try two other locations on the same two avenues. 
Let* s use (9^^) and (1,0). This time the sum or result of the trips is 

(20) I got (10,U)o Did you? Goodi 

Now, what were the three answers? (21) 

Rightl We have (8,2), ( 11 , 5)5 and (iO,!;). Locate these three points or the 
grid if you haven* t already done so. What do you notice about them? 

( 22 ) 



Did you notice that all three answers lie on the same avenue? Gocdl Now do 
you see how 1 knew what your answers were in the previous examples? Gan you 

make a statement about these results? (23) 







You should have said something like the followings Any time you are allowed to 
name points from a given pair of avenues or a single avenue and add them the 
resulting locations or points will be on the same avenue, whatever the choice 
of ordered pairs. Let*s see thenj if we add ordered pairs on the avenue through 
(Il., 7 ) to ordered pairs on the avenue through (^ 53)5 the result will be on the 

avenue through (2U) 

Did you give as an answer (8,10) some other ordered pair on that same avenue? 
It is as though we were actually aiding the avenues when we added the represen- 
tative ordered pairs. We act'ally ^an think of it in that way. Do you see why 
the avenues seemed rather interesting to me? 

Last session we added ordered pairs and discovered what seemed to be 
some appropriate game rules for the addition. What were these game rules? 

(25) 



Did you write down just three game rules? J.hey were tiosure, reversibility and 
arranging. Consider the following examples. Write the name of the game rule 
which each example illustrates, 

1. (8,6) + (3,2) = (11,8) = (3,2) + (8,6) (26) 

2. [(3,1) + (1*,2)] + (5,3) ■= (7,3) + (5,3) = (12,6) 
and (3,1) + [(1*,2) + (5,3)1 = (3,1) + (9,5) = (12,6) 

(27) 
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3. (3,^) + (6,1) - (9,6) 

and (a,b) + (c,d) = (a + c, b + d) 
for all ordered pairs (a,b}, (c,d) 
and (a + c, b + d) 

('^S) 



Did yon write in your answers? If n-t be sure to do so before looking at my 
answers* The first one is an example of reversibility and the rule of closure. 
The second one illustrates arrangement and the rule of closure. The last one 
illustrates the rule of closure. 

Do you think that these same game r:'l.es would hold if we were thinking of 
avenues instead of just the ordered pairs? (29) 

How could we distinguish between adding ordered pair s which represent avenues 
and just adding ordered pairs ? Well^ wernight make a special "mark on the ordered 
pairs representing avenues. For example, we might say the ordered pair (3,2) 

represents the avenue when we write it this way» (572). Now, if we put these 
marks over the ordered pairs which represent avenues, will the previous three 
examples hold for avenues as they did for ordered pairs? 

1 . ( 8 , 76 ^ + (3,2) = ( 11 , 8 ) = (3>2; + '" 8 , 6 ) 

2 . [(571) + { 1 ^)] - (575) - (JTi) - [(1172) (575)] 

3. (a,b; + (c,d) = ( a 3, b + d; 

Has the reasonableness of the answers changed? Yes or no? (30) 

Nol It appears that everybning still holds. Does this prove that closure, 

reversibility and arranging hold icr the addition of avenues? (31) 



,• Wei. , we wculd have to say it does not really prove 

the fact, but it does give us evidence to make us confident that they probably 
hold. As a matter of fact, until someone prove s they do not hold we shall 
accept them and use them as if they do hclDT^^ *” 
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Did you find yourself ending u p on the same avenue as was named by your first 
ordered pair? In other words (575) is the same avenue as (37l) and (^75) 



is the same avenue as (36) 



Did you write (^)? Goodl Finally (12, f) is the same avenue as (3?)_^ 

Yes, it is the same as the one we started with 



in that example, (7,2). Now what about the avenues named by (2,2), (1,1) and 
(W)? (38) 



Did you notice that these names were all for points on the same avenue? Goodl 

Let*s summarize what we have seen .in the last paragraph. ¥e started with 
an avenue and we landed on (39) 



Yes, we landed on the same avenue. In each case we were adding the same avenue 
to uhe avenue we started with. This avenue could be identified by the fact 



that the first and second numbers in the ordered pair were (kO) 



Yes,, they were the same. We could put these two facts 



together and saya (I4.I) 



In the above statement you might have saids 'Whenever we add the avenue which is 

Jvpnitr+hf same first and second elements to any other 
avenue the result is the same avenue,'* What game rule does this rese,mble?^ 



(U2) 



When^we added a number to another number, and the result was the same number we 
^aroed with, we called this the identity game rule. We might call the avenue 
with this same characteristic, "identity avenue". Try some more* 



(2,5) + (8,8) « (U3) 



Is the result the same avenue 



named by (2,5)? Yes, vSince the result -I .q Mn ^•a^ 

(^,^l) + (3,3) ■“ ( o .Is the result the same avenue 



named by (l4.,I|.)? Yes, the result is (7,7) which represents the same 
avenue , 



Now, with "identity avenue" which game rules hold? (J45) 



Did you write closure, reversibility, arranging, and identity? Goodl 
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What other game rule did we know which involved a single operation? 

([|6) o Remember it was closely tied in with the iden- 

tity game rule* Does that hint help? Yes^ we had an inverse game rule for 
some of oui' games* Did the inverse game rule hold for the addition of whole 

numbers? Yes or no? (U?) « Write an example 

to illustrate what we would look foi- if we were trying to find an inverse for 



a whole number* (I4.8) 



Did you write something like 3 ' O “ in the box? 

o That*s right* There is no whole number which will 

go in the box and give us a true sentence* Therefore^ we say that the inverse 
game does not hold for addition of whole numbers* To have an inverse we must 



get the (50) 

in the blank? GoodJ 



for our sum* Did you write ^‘identity" 



Do we have inverses in this new system of avenues? What is the ^identity 



avenue 






(^ 1 ) 



» Yes 5 we recognize 



that ‘'identity avenue'’ is or we co'uld name it by any other ordered pair 
whose first and second elements are the same* Could wejget ’’identity avenue" 
as a result when we add two other avenues? Consider (253) in the following 

fivamni f=! 9 



( 2 , 3 ) + ( 52 ) 



We used one of the names for 



"identity avenue" ^ but we know we could have chosen from many other names* Did 
you fill in the blank? Go back and try if you haven't done so* The blank 
could be filled in with ( 3 ^ 2 ) couldn't it? T.ry another examples 

® (777)0 This time the blank can be 



{TS) + ( 53 ) 

filled in with ( 2 ^) <, 

Do you suppose we can always get "identity avenue" as a result, no matter 
what avenue we start on? If you are uncertain 5 try several examples like the 
ones just given* 

Sin'ie we can start with any avenue and find an avenue to add to it and get 

"identity avenue" as a result which game mile appears to hold for these avenues* 

(^[^) * Yes 5 the inverse game rule, which we did not 

have for the whole numbers, appears to hold for these avenues* 

We can now summarize again by listing all the game rules which appear to 
hold for addition of these avenues a ( 55 ) 
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Did you list closure, arranging, reversibility, identity, and inverse? Goodl 



pract3;ge exercise 



1, Show the following examples as trips on Grid VlII, 

a) (37S) (in?) - on?) ^ Ch^) 

b) [(TTs) ■* (371)3 + (371*) = (1.73) C(37 i) (2,1*3] 

c) (676) r (273) = (7776) 

d) (J7i) + (“) == •cs:z) 

2, Find the sum of the two avenues by using the algorithm for adding avenues 
named by ordered pairs » 



a) (17,9) (72,91) 

b) (nJTII) + (7^8) ^ (2T7 ITo) - 

c) (10327271) -I (T72) - (tTIo) - (Tf;iOb) - 

d) Which game rules can we demonstrate hold for this addition of avenues? 

3) Can you think of arxOther way to physically represent this algorithm? 

If you can, oi-jnstruct an outline of the procedure o 



ANSWERS 



2o a) (89,100) 






f tin ^ 



a) (loJfTYl?) 



d) 



An identity enists for 
addition? the closure, 
for addition o 



addition? every element has an inverse for 
arranging, and reversibility game rules apply 
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First Experimental Edition 

SESSION X 
ADDING ARROWS 



B^TITES: 



At the end of this session the learner should be able tcj 



(1) demonstrate th*r procedures of an algorithm for finding the sum of two 
pcsitive integers, uwo negative integers, a positive and a nsptive integer 
when they have the same magnitude, and a positive and a ..egative integer 
when the positive integer has the greater magnitude » 

(2) construct a convincing’ explanation that appeals to observations based upon 
the manipulation of arrows for each procedure in the algori hm for construct- 
ing the sum of two integers. 

(3) construct a convincing explanation that appeals to the game rules for each 
procedure in the algorithm for constructing the sum of two integers. 



Kien ue were examining some of the algorithms for adding whole numbers, we made 
ise of three of the game rules. Tlie game rules of closure, arranging, and reversibility 
rare all used to explain the algorithms with whole numbers. There are three other game 
•ules which we didn*t mention in connection with the algorithms for addition with vhole 
lumbers: identity, inverse, and distributive. However, we have observed that the identity 
;ame rule holds for addition of whole numbers. 



ftiat is the identity for addition of whole numbers? (1)_ 

rha number is zero of course. In the last session we observed th?.t the in'verse game 
rule did not hold for adding whole numbers. The whole niunber 5 does not have an inverse 
ror the operation of addition since there is no whole num.ber which we could find which 
Jhen added to $ results in zero - the identity for addition. 



Well, this takes care of the id(sntity and inverse game, rules. The identity game 
ule holds and the inverse game rule doesn’t hold for whole numbers. What about the 
istributive game rule? Does this g.ame rule hold for addition of whole numbers? 






’as cr no? (2) 



We can’t answer yes to this 'Kecause the 



Jlstributive game rule involves more than addition of whole n^bers. It involves t :o 
jperations . 



We can see that our set of whole numbers is deficient for the operation of 
iddition. One of the game rules simply doesn’t hold for addition of whole numbers - the 
Inverse game rule. Notice something else. One of the following number sentences cannot 
ba made into a true sentence by viriting the name of a whole number in the box: 

2 =8 Cl+S-8 = 7 =7 3+ ID =2 

(ftiich ones cannot be made into true sentences? (3)_ 

3 +□ = 7 can be made into a true sentence by writing h in the box. However, you are 

right if you said that there was no whole number which you could add to three so that the 
result would be two. 
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OTsnues n”«d^by*ord 8 red SrrwhSh^L*!?^ ^ole numbers. The addition of 
give us this tr^ubl,.. '" *( ft f ° Va°r J^th 

ordered pair v*ich we would write in the box in ordeHS name^SenJ^ ttat maLs 



the sentence a tnie sentence? (it) 



j- ' — 0 ( ^j 2 ) wouldn't be correct^ but 

Vth\\'e":^es“:inor(I^) llT(r^Tf '=0 

avenue named bv (TT^) Tn tt ^ ^ ^ another name for the 

any sentre jLol^n^ addition ’tr^e!'" 



to hold for adding avenu^^d by orde^ed°^irsf gL"res^' 

given below. See if you can supply the names, ®^Ples for these game rules are 



There is an avenue named by ( 2 , 2 ) such that ( 3 ^ 1 ) - ( 272 ) = (^) ^ere (JHI) and 
(J75) name the same avenue, ( 5 ) 



The sum of two avenues, such as ( 2 , 1 ) and ( 3 , 8 ),' is an avenue, ( 579 ), .( 6 ) 

(37^) + ( 2 T¥) = (^) + (376) ( 7 ) o' 



For each avenue such as ( 37 ?), there is an avenue |- 

( 97 ?). ( 8 ).__ ° 



such 



that ( 3 , 7 ) + ^ a 



( 2 , 1 ) + ( 3 , 9 ) ■<• (T 75 ) = ( 2 , 1 ) + ( 379 ). + (T 75 ) 



( 9 ) 



and identityr^''°"^*° reverse order arei arranging, inverse, reversibility, closure. 



earlier! olosuref^rranging"*’Jeversibilitv*^^ n^bers - remember we listed them 
avenues named by ordered TOirs Jl£r^ +\i’- - also hold for addition of 
of avenues named by order^ Sirs 1 ^ 100 ^ 

i*ole numbers, ^ are really superior to 



W© call this new set of numbers which we created -in +Vio iae,4> 
the game rules hold for addition of integers, ^ ° ^ ^ session integers. All 



way we can represent ^tegLs'^is\o"Jse*arrows*^*n^ ordered pairs , Another 
A. Take them out and Se?ll fee how Sf c™“the^®'’%-^®/ Packet 
call the shortest arrow a one arrow. Whaf 



arrow and the next longer arrow? ( lo) 



Since the next longer arrow is twira aq Tr»nr» 4 -v i. j. ^ 

arrow. The next longer we will call a thref arrow® th^next Tr""' ® 

a five arrow. w, the next a four arrow, and the longest 
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In t-h© pack 0 t- you should have found t-wo each of the followings one arrow, two arrow, 
three arrow, four arrow, and five arrow. There is another kind of arrow in the packet. 
Since it didn't take up any room, we slipped in a zero arrow. It might be handy to 
have an arrow which has no length at all. 

Now let's try to add two of these arrows. Take a three arrow and point it to the 
right. Now place a two arrow with its tail at the head of the three arrow and point it 
to the right ' as In the diagram below. 




What arrow could be used in place of both of these arrows so that it begins at the tail j 

■ii 

of the three arrow and ends at the head of the two arrow? (11) ] 

You are right that the five arrow could be used to replace the three arrow and the two 

arrow laid end to end. But since we have introduced the idea of direction for the three J 

arrow and the two arrow, we must consider the direction of the five arrow. Naturally, | 

we would want it to point to the right. Hence, when we add a three arrow pointing to « 

the right, and a two arrow pointing to the right, the resultant arrow is a five arrow . I 
pointing to the right. •; 

What would be the resultant arrow if we added a two arrow pointing to the right and 

a one arrow pointing to the right? (12)_ , You are right. This j 

is a three arrow pointing to the right. What would be the resultant arrow if we added a 

three arrow pointing to the right and a zero arrow? (13) j 

Note that we did not have to supply the direction of the zero arrow. You just can't tell ^ 
which way a zero arrow is pointing. Hence, the sum of a three arrow pointing to the right ^ 
and a zero arrow is a three arrow pointing to the right. Of course the question can be 
aske^ the other way around. What two arrows could be added to give a resultant three 

arrow pointing to the right? (li;) 



Naturally, one of the possible pairs of arrows would be a three arrow pointing to the 
right and a zero arrow. Other possible pairs would be a two arrow pointing to the right 
and a one arrow pointing to the right, a one arrow pointing to the right and a two arrow 
pointing to the right, and a zero arrow and a three arrow pointing to the right, 

arrow pointing to the right represents an integer. We could write the 
Infag^r in a shorthand notation. We need to talk about two things in connection with 

the integer. What are they? (1^) 



We are concerned with both the magnitude of the arrow and the direction. There are many 
ways in which we could express this. One way would be to write”?. How could we write 
the number sentence which expresses the sum of a threei arrow pointing to the right 
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and a two arrow pointing to the if-ight as a five arrow pointing to the right? 
^ _". Tljs, cpr rigct resj^onse isT + ^ ® 5^ 



Write in the integer in shorthand notation which will make each of the following 
sentences true* 



IT 1 [ j 

( "“! =» ’ 



2’ •>“ 2 ^ ^ 



~ 1 -i ii 



r-r-r. 



£22^0 



0^2 






Ihs correct responses are t, f, it, and 2« 



Write in the names of a pair of integers in shorthand notation which will make 
each of the following sentences trues 



V*^A 



~3 rj <-A 






> 

2 ^ 



•A,/ 

A 

1? ~ A V - ■ 

liaxe are m^y pairs of integers for, each sentence 
Af A 1 the first one. We 'eould write U' 

4 "" 2 "i- i. for the third one. We could call all of these number sentences 
examples of adding right numbers. 



Wa could say 3 ~ 3 + 0 
3 + l 5 U~l + J, or even 



I'id we need any game rules in order to add a couple of right numbers? 
list ?.hem, (1?) 



if you think about it carefully^ you. will realize that the only game rule that was 
used was closure. When you add two integers, you always end up with an integer., • 

in r.aet* in this case when you add tx\’o right numbers^ you get a right number as a 
resuitani. 



However^ we can obser-v'e that ether game rules bold for addition of right 
numbers. Give an example of a nmjber sentence involving addition of right 
niCTbers using the reversing game rule in shorthand notation. 






loiir 4 XJiitnplis might lock lik<’ trJsi •“ J + or (h ’♦■ ?. • i '♦' (ii + 2 ;« 

Note that In this oxampic t':e (i, s-'^'was rei;ers«d with the Oan you 
glTe f>n e'''»2.!nple of a m-iirbc''.' ;*> 9 rt^u ,;?■;/-• irp'r/iviing eohltlsr "■f right rrambers using 



5 



tha ^.T ::'^.ng’h:g rule? I0.3 or r.c.' (19) 



Your .^jieiwer should 



ohcG again be yes, and you ahculd b9 ablo to vrrite the example usiiig* the 

shorthand nO'taticrj, (20) 



There are many examples you might have 0/ uf-r, bore. Perhaps you picked an 

example like this 3 j + (2 + 1; ;3 ■( 1) 1 or 1 1| ■^ ( .3 •4- 2); ■»• 1 *• li + .(3 +. ?) 

+ *? 5 >. Here in the last example (J •^"T) was considered as a single number in the 
arrtt.ngin^' garr© rule. 



?■**© ar ^'!©rtity when you and Integers? Yes or nc? ( 21 ) 



. :•■ ■■' '. 30 ^ you were probably thinking of zero since lero I.3 the number 

vhle . ■/■• ;r added to any number, say n, givers u res^ult which is n. if you said 
TiOt you wer'© probably not thinking of z-erc as au integer. In any case, w© really 
want to have ‘zero ae an integer even though we oannot determine the direction of 
zero. Thus, zero is the identity when adding integers. 



New jraoiill t>Sw» gAini ctiI® which was found tj hold for integers when written as 
ordered pairs even thougn it did not held for whole numbers. What was the 



gam© rt:lr' 



0’^^ 

C c J 



The only gam® rule which }• Id© 



JP«- ♦. 

1 



or addition of irtegera wr'itten as ordered pairs brt does not bold for addition 
f f vho'le numbers is the Inverse gAmc . ^ 1 ©, now cbuld we snovr this game r le 



•'r 1 ith arrows? { 2 -j 



it* 



«4«v» ~ ri 
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Did yor thinking go something 






1.3? If you are looking for the inverse 



an A<^Tc. ,,7011 want to find an arrev /■ c:n Kheri added to toe given arrow results 
in t > oero arrow. If there was ^ arrow pointing tc the right, you ecu’’ 

)lacr. a two arrow pointing tc t: >*■ in order to >avo &. result that is the 

„ .$ J*. • .. .. J. _ 4 • J.l. . n u _ 



arr-'u ft:; .Indicated in the dla,i;,nyr. 



i i i 



rf‘-r-X 






Now, we ‘6© that there are net ■'Irh"'' arrow.' an i a zei'o a T'-'w, but also 



left ar os. If there were a f-ar '»r '':.w poirtlr'' t tr: rlgh what &rrow 
cciil,. ■•• ‘tclde to it in o.rd©x’ t-. gen t .'-. sero ac ' >; a result*' 



( «h). 



If there wrre a three arrow pointing tp the left, 



what s,r»- r nild be added to it ,in orde to get the arrow for a res'ult? 



( 
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If there were a zero arrow, what arrow coaid be added to it in order to get 
the zero arrow for a result? (26). _• '^s correct responses 



li tt 



S 



three 



to these last three questions are “four arrow pointing to the left 
arrow pointing to the right'% and “zero arrow*® « 

How could you write these expressions of the inverse game rule short- 

hand notation? Let's try with the first example when you searched for the 

inverse of a two arrow pointing to the righto (27) — 

The number sentence which you start with looks like thisg * tj| O' 
number which makes this number sentence true is the inver^o:^ ^ht two. The 

Inverse of a right two is left two. This could be written 2. 2+2=0 expresses 

an example of the inverse game rule. 

Write in the integer in shorthand notation which will make each of the 
following sentences trueg 



The 



*r*p 

0 + D * 0 



0 

0 









as 0 



5bi correct responses are^ITj) 3j 0^ 12 <, 



Write in the names of a pair of ^jitegers in shorthand notation which 
will make each of the following sentences trueg 

0 = D 

There are many pairs which could bo choseno 0 5 is one true sentence. 

0 *^"+*7^ is another. 

We can now construct the sum of any two right numbers. Ws also can add a 
rifitht number and a left number as long as they can be represented by arrows 
th>t are the same length. Let's try some of the exa.mples for adding arrows 
■ when we have one arrow pointing to th© rigSit and one arrow pointing to the left. 

pointing 

at the head of the five arrow. Ih© resultant arrow is an arrow which could be 
placed such that its tail would be at the tail of the five arrow and its head 
'at the head of the three arrow as in the diagram below. 












l-'hzt is the resultant arrow? (28) 



What is the magnitude? 



( 2 :?) 



Vvhat is the direction? (30) 



Let's systematically write down how you would use arrows to explain this 
result. } r since the three arrow ±t point%igto the left, is there an arrow 



I can put with it which will result In only the zero arrow? ''31' 



Naturally, .-ucn' an arrow is a three arrow pointtngto the •ighto Could I then 

■the right wiun a ^ arrows ■- one of which 

is the three arrow pointing to the right? Try • gram for -he 



replacement for the five arrow pointea to the 



i ^ 



b^low^* be replaced by a two arrow and a three a,, as in the diagram 









Now arrange the arrows so that tho pair of f- -oe -rows are gro- - r o-.her. 
What is the result of adding tue pair of three ?,v ows? (3 5' 



ero 



Since the pair are pointing in opposite directi>, the result • 
arrovr. Now the only remaining arrow is the two row pcintirie i ip 5crh+ 
This is the resulting arrow when a five arrow p 1 nwog to the rl' " added 

to a ohree arrow pointing to the left. 



Nci.' go through this algorithm again u in^' th-’’ example 'in/ ^ tl ee 

arrow pointing to the left and a four arrow pointing to the right as - ■ the 
diagr^am below. ^ ” 



.J 



T~1T ' ^ 



Which arrow would be replaced with two separate arrows this tive? (3l|.) 
The four arrow should t replaced. The longe t 



:-n e 



obx^ious '’hoice foi’ replacing. What wo ;ld you replace lo w‘t 
— ■ — • Since you want one of the replacement a 



be a . three 



pointing to the right. Now arrange the two three arrows in a grouping. What 
is the result of adding a three arr ^w pointing to the left ard ^ three arrow 



pointing to the right? (36) 
zero arrow just as planned. 



Your result is the 
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And now what is the remaining arrow? (3?) • 

resultant arrow which is a one arrow pointing to the right. 



You have a 



We can also expect to write examples of adding arrows using our '’^orthand 
notation. Let's look at the last example <, How would you write the example in 

shorthand notation? (38) 

Your response should be similar to thiss 3 + U = CH . Tlrie first thing that 
you did when you added the arrows was to replace the four arrow with a three 
arrow and a one arrow both pointing to the right. We could now write 

3‘*'U""3 + ( 3 + l). The next move you made with the arrows was to arrange 

I 

the^ and the"^ together. How would you write this? (39) 

The best way t^show^he ^ and the"? together is to use parentheses. We could 
write 3 (*?+ l) = (3 ■*■*?) +*^. But we know ■’ .it the two three arrows added 

together result in the zero arrow. Therefore , we could write 
0+1. And finally the remaining arrow is the one arrow pointing to the right. 

We could write 0 + 1=1, 

If we summarized the steps ab'oce they might look like thisg 

**"*“^^ 

Step 1. 3 + ii == 3 + (3 + 1) 

step 2. Ml** 35 =(1*1^ *t 

step 3. ^ *~f) *~1 = 0 +~f 
Step U. 0 + 1=1 

What are the game rules for integers which we are using finding the sum 
of two integers? Let's look at each step. In the first steplfwas renamed as 

"? + 1. This is not a game rule, but notice that this depends on our being able 
to add two right numbers. In the second stsp what is the game rule involved? 

( iiO ) 

Here we used the arranging game rule to group the two threes together. In the 
third step, the two threes were added. Since one is a left number and the other 
is a right number, they are inverses of each other and their sum is zero. Hence, 

we arr using the inverse game rule 5.n the third step. What is the game rule in 

the fourth step? (Ul) 



Here we used the identity game rule. Remember that 0 is the identity for integers. 

Now use the algorithm we have developed in shorthand notation to add 
3 and 1. 

0t2) 
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Now go back and supply the game ru‘'.es for each stepo 
Your steps should Iook something like this s 

1 ) 

2 ) 

3) 

h) 

Let’s see how we would add to arrows when they both point to the left. 

Take a two ari ow -^nd point it to the left. Now place a three arrow pointing 
to the left wfth its tail at the head of tne two arrow as in the diagram below. 




tr^ 

3 + l= (2*^l) +1 
( 2 + 1 ) +1 2 + (1 + 1 ) 
2 + U - 1) “ 2 + 0 



2+0 = 2 



Renaming 3 
Arranging 
Inverse 
Identity 



What arrow could be used in place of both of these arrows so that it begins at 

the tail of the two arrows and ends at the head of the three arrow? (I43) 

■ - e You are right if you said a five arrow pointing to thee 

left would do thi job. 

Whet vfould he the resultant arrow if we added a three arrow pointing to the 

left and a onf; arrow pointing to the left? (liU) 

What would be the resultant arrow if we added a two arrow pointing to the left and 

a zero ar o'^"? (ij5) 

These are easy. The first answer was a four arrow poinuing to the left and the 
second answer was a two arrow pointing to the left. 

Naturally, these addition examples can be written in our shorthand notation. 

Try writing the addition ex mple in the Is-^b diagram in this form. (!|6) 

— 4 “ 4 ™" 

. You m .ght have writt + 2 = 5<> However, this is not 

correct, I’^e actually started with the two arrow. 2 + 3 ” ^ is the correct 
response. 




I 



- ^ ... 

ERIC 
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'i. .. . 1 .. , ...1 1 I — iiiL.Li. I _i.L ^mi ^ j 



What game rules did we use in adding left numbers? List them. (U?) 
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Just as when we added right numbers, the only game rule used was closure for 
Integers. When you add two integers, you always end up with an integer. In 
this case we added two left numbers, and the result was a left number. 

We have now added several different combinations of integers. We have 
added two left numbers, two right numbers, a right number and a left number 
which can be represented by arrows of the same length, and a right number 

i’ight number longer than the arrow 

for the left number. We have also presented an argument for these algorithms 
base« upon arrows as well as the game rules. 



Try a few of the set 

□ 






2 

6 + 2 
3 + 0 



2^ + 



a 

□ 






0 



+ 7 



□ 

D 

□ 



? > 0 *ri 

h + U 



In this session we mentioned that the avenues named by ordered pairs 
that you learned to add are called integers. Certainly if both ordered pairs 
and arrows represent integers, we should be able to show the relationship be- 
tween them, Co let* s look. We demonstrated that the same game rules hold 
or addition as for integers expressed as ordered pairs and integers expressed 
as arrows. Now let*s play around a little and see if we can figure out which 
aiTOW belongs to which avenue named by an ordered pair. 



(^) + (173) “ (57n) 

U + ^ 0 

(377) + (773) » (loTIo) 









(J^) * (3A) = ( 37 ?) 



li + 0 



"7^ 
« 1; 



0,0 * (oTo) = (jpo 
077) + (57F) = (B712) 



As you look at these puzzles, can you see that the pair of sentences in each 
bracket says the same thing? This is also true of the three sentences in 
the last^beacket, because an integer can be named by more than one ordered 

pair; 6 and (575) are simply two different names for the same integer which 

is often called *6, positive six. Similarly,^ and (JJl) are just different 

names for the integer ”2, negative two. Of course (377), (F7I5) andlfare 
different names for the integer 1^, positive four. 

0,h) *•* (d,7) “ (11,11). How would you write this sentence using aiTows? 

m 







L 



* ■■J"" 
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1 + 1 = 0 is correct. How would you write this sentence using positive and 
negative integers? (li?)_ 



+1 + -1 ~ 0 is correct. Try another, (3 si) + (it^l) "" (7>8) using arrows. 



(50) 

This would be U + 3 = 1. 

wow, reverse the process and go from arrows to ordered pairs. 3 ~ 5# 

Express this sentence about integers using ordered pairs, (51) 



CanH decide which pairs to use? Just pick any onat name arrows. Although it 
is true that many ordered pairs can be used to name each integer, in this case 
any one will do, so long as your result agrees with the integer named by the 
resultant arrow. Also express this sentence using positive and negative 

integers, (^2) 



How about 6 + 7 = 1 expressed as a sentence using ordered pairs? (53) 



What you just did indicates that anything you can wr ' j with arrows that 
name integers, you can also ^jrite with ordered pairs and vxce versa. Every 
arrow can be named by an ordered pair and vice versa. 
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First Experimental Edition 



VikTSBIklS FOR SESSION X 

Packet A 

10 arrows: 

2 orange 5 Inch arrows 
2 yellow U inch arrows 
2 green 3 inch arrows 
2 red 2 inch arrows 
2 blue 1 inch arrows 




SESSION XI 

IHE CASE OF THE MISSING ARROW 



OBJECTIVES j 



At the end of this session the learner should be able toi 

(1) demonstrate the procedures of an algorithm for finding 
the difference of two integers, 

(2) construct a convincing explanation that appeals to 
observations based upon the manipulation of arrows 
for each procedure in the algorithm for constructing 
the difference of two integers, 

(3) construct a convincing explanation that appeals to the 
feu.s rules for each procedure in the algorithm for 
constructing the difference of two Integers* 



Last session we represented Integers by arrows and constructed the 
sums of different combinations of Integers. Let us review briefly. What 
would be the resultant arrow If we added a three arrow pointing to the 

right and a two arrow pointing to the right? ( 1)_ You are 

remembering correctly If you said a five arrow pointing to the right. Don't 
forget. Wo wore concerned with not only the magnitude of the arrow but also 
Its direction. A three arrow pointing to the right was represented by t. 

Were there any other arrows? (2) Sure. Remember the arrow 

In the packet that you couldn't find. This was the aero arrow. If there 
was a three arrow pointing to the right, what anow could be added to It to 

get the zero arrow for a result? (3)__ The correct 

response is a three arrow pointing to the left. So we see that we also have 
left arrows. A four arrow pointing to the left was represented by f. The 
resultant of a one arrow pointing to the irlght and a five arrow pointing to 

the left Is (y 1 Oood, The resultant Is a four arrow 

pointing to the left. 




<e 
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In shorthand notation ^ our three above problems would look like the 
followings 



(a) 3 + 2=5 

(b) 3 + 3 = 0 

^ 

(o) 1 + 5 = U 

We should note that in sentence (b) above, 3 is the inverse of 3 « 

We are now gcing to introduce a new operation into our set of integers. 

We are already familiar with the operation of addition which assigns to a 
pair of integers, a third integer called the sums Subtraction is the opera- 
tion of finding the missing addend when the sum and other addend are known. 

We agree to call the missing addend the difference* So we can see that 
solving a subtraction problem is really undoing an addition problem. It is 
said that subtraction and addition are inverse operations. We already said 
that we can represent integers with arrows. Now let's try to find the differ- 
ence of two arrows. Remember, the difference was out name for the missing 
addend. In working with arrows, let us agree to name the difference, the 
missing arrow. Take out our familiar packet A, In it, you will find arrows 
of different sizes. Don't forget about the zero arrow. They get lost among 
the larger arrows. In finding the difference of two arrows, it will be help- 
ful to keep in mind what we learned from out experiences of adding arrows. 
When we add two arrows, the second arrow is placed at the head of the first 
arrow, and the resultant arrow begins at the tail of the first arrow, and 
ends at the head of the second arrow. 

Consider the problem of finding the difference of a three arrow pointing 
to the right and a one arrow pointing to the right. Let us agree to name 
the first arrow in a givf?n subtraction problem the resultant arrow and the 
second arrow the known addend. 







,vr.* • 
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We already agreed that the difference is the missing arrow. Our definition 
for subtraction tells us that our problem ivS to find the arrow, such that 
indien added to the one arrow pointing to the right we obtain the resultant 
three arrow pointing to the rijght. Take the resultant three arrow and point 
it to the right. Now take the one arrow pointed to the right, and place 
It at the tail of the resultant three arrow, 

[Z I _ _i 



> 



Now what arrow can we place at the head of the one arrow so that its head 

is at the head of the resultant arrow? (5) You are doing 

great if you said that the missing arrow is a two arrow pointed to the right, 



^ S 1/ 1 "^“0 nT 

i ^>1 1 ^ rr)tssing cv.vroai 

Let*s try another problem. We want to find the difference of a three arrow 
pointed to the right and a five arrow pointed to the right. Again, our 
problem is finding the arrow such that when added to the five arrow pointing 
to the right, we obtain the resultant three arrow pointing to the right. 

Take the resultant three arrow and point it to the right. Now take the five 
arrow pointed to the right and place it at the tail of the resultant three 
arrow. Now what arrow can we place at the head of the five arrow so that its 

head is at the head of the resultant arrow? ( 6 ) 

Excellent* The missing arrow a two arrow pointed to the left. 










-'A-'yjlf: y. .'.. 






resultarTT 

OLTi^OUO ^ 




nr)/ 



ssino 

arroui ^ 



i- 




u 



i 

? 






In shorthand notation, our problems look like this: 

(1) T-’t = D 

(2) t-‘t = D 

Note: We represent the operation of finding the difference of two arrows by 
the symbol * - ^ . Did we need any game rules in order to find the difference 
of two arrows? Let us consider what we have done in problem (1). Our first 
step was to change the form of our subtraction problem to a form which uses 
the familiar operation, addition. How would you rewrite our subtraction 

problem using the operation of addition? (7)_ 

Your response should be similar to this: 1 + LJ 3* Our problem is 

now one of finding the missing arrow, represented by D , which will make 
the statement 1 + 1 I = 3 true. We might note the similarity between 

such a statement as 1 + i I “ 5 &nd a balance scale. The sum of 1 + I ! 

balances 3 as do the weights on a balance scale. If we add some quantity 
to the left side of our statement we must add the same quantity to the right 
side in order to ”keep things balanced, Since we are looking for the miss-^ 
ing arrow represented by CD > might be helpful to do something to the 
left side of our statement to gat CD to stand alone, VJhat arrow can we add 

to the left side of our statement so that II is all that remains on the 

left side? (8) Oh, so you say we should 



1 















i 



get rid of 1, We can*t just make it disappear I Now you are thinking. 



r < 
* 







O 

ERIC 






If we add the inverse of 1, namely 1 to 1 we get the zero arrow for.< 
a result. Don»t think you're finished. What haven* t we done? (9) 



Ri^t. We must also add 1 to the right side of our statement to balance 
the left side. Our move would look something dike this: 



^ r— 1 V 

! + (! + □) = 1 + 3 



The next move you made was to arrange the 1 and +he 1 together. We could 
write "T * (?* □) = - □ . But we know that the two one 

arrows added together result in the zero arrow. Therefore, we could write 

+ ”l) + CZI = 0 + I I • We could write O + EZl “ CZl • 

Our final statement is □ = 1 + 3* We* re almost done now. 

You can easily name the missing arrow. The missing arrow would be a 
(10) The correct response is 2 since the sum of 1 and 



3 is 2. 



If we summarized the above steps they might look like this : 



Problem: 


3 - 1 - l_J 


Step 


1 


^ . - - , . 


Step 


2 


1 + (1 + Q ) “ 1 


Step 


33 


tr + 


Step 


h 


0 * n=y 


Step 


5 




Step 


6 


a 



+ y 



+ 3 



I 



i 



6 



VHiat are the game rules for integers which we are using 5.n finding the 
di'^ference of two integers? Lat*s look at each step. In the first step 
we r< i^rote our problem using the definition of subtraction, What game 

rules are Involved in the second step? (H)_^ 

Very Good, We used the game rule of closure. In the third step what game 

rule is involved? (12) Here we used the arranging 

game rule to group the two ones together. In the fourth step, the two ones 
are added and their sum is zero. Which game rule is involved here? (13) 



fourth step since the two ones are inverses of each other. In the fifth 
step, we used the identity game rule. Finally, what did we use in the sixth 



for the addition of arrows. 

Now use the algorithm we have Just developed in shorthand not Mon to 
find the difference of 3 and 5. Also, supply the game rules for each step. 



Right. We are using the inverse game rule in the 



step? (lli) 



We used the algorithm we developed 



Your steps should look something like this* 
Problem* 3 ** 5^ “ Lj 



1) T * □ = T 

3) + □ = t~ + 3^ 




Arranging 



Definition of subtraction 



Closure 
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1j)0+Q=5 + 3 

5 ) 

6) □ 



Inverse 
Identity- 

Addition of arrows 
Let*s consider the problem of finding the difference of two arrows when 
they both point to the left. Suppose we are given the problem of finding 
the difference of a two arrow pointing to the left and a four arrow pointing 
to the left. Can you restate the problem using the definition of subtraction? 

(16) Exactly, Our problem is finding the 

arrow such that -&jhen added to the four arrow pointing to the left, we obtain 
the resultant two arrow pointing to the left. Take the resultant two arrow 
and point it to the left. Now take the four arrow pointed to the left and . 
place it at the tall of the resultant two arrow. Now what arrow can we place 
at the head of the four arrow so that its head is at the head of the resultant 



arrow? ( 17 ) 



take a .peek at the picture below. 



i 1 - 

ciry*oto ^ ^ - — 



< 



You say you* re not sure. Ihen 



r eso //■aoT 

ar)~ow 



<CI~TTTZD 

The missing arrow is a two arrow pointed to the right. 

la/hat would be the missing arrow if we found the difference of a one 
arrow pointing to the ri^t and a four arrow pointing to the left? ( 18) 

The correct response is a five arrow pointing to the 

right. For those of you who had some difficulty, refer to the diagram below. 






T “ r- 1 
j I 1 




Ye^olt^riT 

CLTroW 



yy^issino 

arrou ^ 
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Try writing th^ subtraction example in the last diagram in shorthand 



notation po]i 



Tour response should look like this; 1 - U 5« 



We might summarize by looking at the game rules liiich hold for the 
subtraction of integers. We will show that although certain of the game 
rules hold for the addition of integers, it is not true that these game rules 
will also hold for the subtraction of integers. Since the difference of 



two integers is always an integer, we know that closure holds for subtraction. 



In one of our examples we found that 3 - 5 ~ 2, \\liat is 5 “ 3? 



— 



( 20 ). 



is 2^ Therefore, we see that 3-5^5 " 3> and subtraction is not 

reversiblSt^y in the integers. Look at the problem: 3 - (U " 2). The 



The answer is not 21 The correct answer 



resultant arrow is 1, Do we get the same result when we consider 

V X y 

^ . 2? (21) Of course notl The 



resultant arrow is 3* Since 3 - (U ~ 2) (3 - 4 ) ~ 2, 



we can 

conclude that the game rule of arranging does not hold for the subtraction 



of integers. 

What is the identity for subtraction of integers? (22) 



The zero arrow of course. 



Before we conclude this session, let’s take a look at the statement 
where a and b are positiva integers. Restating this 






problem, using the definition of subtraction we get b ■'- [j ~ 



Recall, to find j j , we must add^ b to both the left side and the right 



side of our statement. 






*■ ^ -j ^ 

By the associativity of integers ( b + b) + Q = b + a. Since 



b + = 0, we are left with Q on the left side and that | | - b 



a' 



er|c 






i 

s 



% 












0 






r-^’W 

1 •■■■:, 



■rr- 









’ TT:rrrm 






By the reTersibility of addition of Integers we get [J = a + 'b. 
The original statement and our final step show us that -. b ~ Q] 

— \^Q c,an ge"^ a similar result by taking any combination of 

integers which leads us to the general statemenoj (^-3) — — 



Very Good. Subtracting an integer is the same as adding its additive inverse, 



Performance Tasks 



Use the algorithm we have Just developed in shorthand notation to find 



the difference of “l^and Also, supply the gsma rules for each step, 



Answers to Performance Tasks 



Problem i 



^-lr. □ 

1) t” - □ = 

2) If - (It* □)="?* 1 



6 ) 



3) <i -lo •□-T.'? 

I.) 0 

^ > 

5 ) 0 = 1 *"" 



□ = 5 



Definition of Subtraction 

Closure 

Arranging 

Inverse 

Identity 

Addition of arrows 



o 
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SESSION XII 



SO, WHAT*S THE DIFFERENCE? 



OBJECTIVES s 

At the end of today's sossion^the learner vxill be; 

(1) demonstrating each step of the eq^ 2 al*”addltions 
method of subtraction algorithm. 

(2) constructing an explanation for the algorltlim using 
whole numbers and based on a physical situation, 

( 3) constructing an explanation for the algoritlim using 
whole numbers and based on the rules of the 
"convincing game". 

In our last session we observed that solving a subtraction problem 
is very similar to solving an addition problem. We defined subtraction 
as the operation of finding the missing addend when we are given the sum 
and the other addend. The given sum was named the resultant and the 
given addend was named the knoT-jn addend. The number we are interested 
in finding, the missing addend, was named the difference . In our last 
session we stated that the set of integers is closed under the operation 
of subtraction. Since we are working within the set of whole numbers in 
this session we must note one very important limitation. We are not 
always able to subtract within the set of whole numbers. Can you say 

why not? An example would be fine, (1) Exactly. 

Consider the example 2~U. The difference is not a whole number, VJlien 

will the difference be a whole number? (2)_ You really are 

sharp today. We are able to perform the operation of siibtraction within 
the set of whole numbers, when the resultant is greater' than or equal to 
the given addend. 



o 






v\fhen we were working with the rule of compensation , we arranged 
mafthers so that we could construct a sum in an easier manner. Let's 
look once again at the total arrangement in this problem. 

28 + 172 9k + 89 = 28 + (2 + 170) + 9k + (6 + 83) 

== (28 + 2) -i- 170 + {9k + 6) + 83 
= 30 + 170 + 100 + 83 
= (30 + 170) + 100 + 83 
= 200 + 100 + 83 
= 383 

Constructing the sum was made easier by regrouping the numbers to the 
nearest ten and to the nearest hundred. Where did the six that we added 
to the ninety-four in order to regroup to the nearest hundred come from? 

didn't pull them out of r. hat. Good', The six 
came from eighty-nine. In order to add six to ninety-four we had to take 
the same number, namely six, from eighty-nine. 

Similarly, the rule of equal-additions will enable us to solve a 
subtraction problem more easily. :die result of a Subtraction problem 
remains unchanged if the same number is added to both the resultant and 
the given addend. Consider the following example&s 

76 - 18 = (76 + 2) - (18 + 2) = 78 - 20 = 58 

How are we using the rule of equal-additions ? (1;) You are 

absolutely correct if you said that we added two to both the resultant 
and the given addend. Let's try one on your own now. Show an easy way 
to compute li21 - 97, What number did you add to both the resultant and 

the given addend? (5) , If you said three, you are doing fine, 

421 - 97 ~ (1^21 + 3) - (97 + 3) = k^k - 100 = 32k, 
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The method of equal-additions is based on the principle that if the same 

number is added to two numbers, the difference between them remains unchanged* 

Activity I 

In packet A you will find red, blue, and yellow chips. Let us agree 
to name a blue chip »a unit” and a red chip "a ten.” One red chip is 



[ulvalent to how many blue chips? (6) 






That*s the ideal Since 



one ten is the same as ten units, the correct response is terc We are now 
going to set up a subtraction problem using our chips in whi-Ch our resuiu^-nu 




tai 



is forty-three and our given addend is sixteen. Make sure that you have 
working space in front of you. Set up the resultant by placing three blue 
chips to the right of four red chips. Let us set up the given addend right 
below the resultant. Place six blue chips below the three blue chips of the 



resultant and one red ch^ b^ow the four red chips of the resultant. 

O ' 

o O 4 © y Resultant 



o 










.Given Addend 



We are ready to begin. Note that the blue chips form a units column and the 
red chips form a tens column. If we look at the units column, we observe 
that the upper digit is smaller than the lower digit. In order to subtract 
six, we are going to have to place .dditional blue chips with the three blue 
chips we started with. Place ten additional blue chips with the three blue 
chips. Suppose we all do this now. According to our principle of increasing 
the resultant and given addend by the same number, we are goj.ng to have to 
add ten to the given addend. We could join ten blue chips with the six blue 
chips, but we would again have more blue chips in the given addend than in 
the resultant. How can we add ten to the given addend? Could w6 join one 
red chip to the one red chip that we started with? Would this be adding ten 
to the given addend? Sure I Add one red chip to the one red chip that we 

started with in the given addend. 
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u 



In order to subtract we must compare the number of chips in the 
resultant with the number of chips in the given addend. Pair each of 
the blue chips in the resultant with a blue chip in the given addend# 

What is the remainder? (7) # Pair each of the red chips in the 

resultant with a red chip in the given addend# What is the difference? 

(8) • If you are with us, you should be left with two red chips 
and seven blue chips or twenty-seven . 

Ac tivity II 

In addition to what we previously said, 1st us agree to name a yellow 
chip '*a hundred #'• One yellow chip is equivalent to how many red chips? 

(9) • Since, one hundred is the same as ten "tens,” the correct 

answer is ten. Now let us take a look at a more complicated example in 
which our resultant is 30U and our given addend is I 67 # Set up the 
resultant above the given addend, as we did in the previous example# Note 
that the yellow chips form a hundreds column# Once again we observe that 
the upper digit in the units column is s:?!Jeiller than the lower digit# In 
order to subtract seven, we are going hci> have to place ten blue chips with 
the four that we started with in th<: resultant# Let us do it together# 

We know that we must also add ten t.j the given addend j so let us join one 
red chip to the six red chips that Are started with. But now we observe 
that there are no red chips in the resultant but there are seven red chips 
in the given addend# In order to proceed with our subtraction, we are 
going to have to add ten red chip/: to what we already have in the resultant# 



How much did we add to the resultant? (10) « Goodl Since we 

joined ten red chips or one hundred to the resultant, we must also add one 
hundred to the given addend# Go ahead# Place one yellow chip with the 
yellow chip in the given addend. We are finally able to subtract. Again, 
we must compare the numbei* of chips in the resultant with the number of 
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chips in the given addend* Pairing the fourteen blue chips of the resultant 
with the seven blue chips of the given addend leaves us with a remainder of 
seven blue chips. Similarly^ pairing the ten red chips of the resultant 
with the seven red chips of the given addend leaves us with a remainder of 
three red chips. Last but not leasts pairing the three yellow chips of the 
resultant with the two yellcw chips of the given addend leaves us with a 
remainder of one yellow chip. Our difference is 1 yellow chip, 3 red chips 
and 7 bliia ?hips or 137- 

Activity III 

Look at the steps we have taken in the problem in order to discuss the 
game rules. 



' xample It 1;3 





-16 




(1) o 


- 16 « (Uo + 3) - (10 + 6) 


Renaming 


(2) 


« (lo + (10 + 3)) - ((10 + 10) + b) 


Rule of Equal-Additions 


(3) 


- (UO + 13) - (20 + 6) 


Addition 


(1») 


« (UO - 20) + (13 - 6) 


Rule of Subtraction and 






Reversibility & Arrangement 






for Addition 


(5) 


-20 + 7 


Subtraction 


(6) 


« 27 


Addition 



Now, let us look at our second example i 



30U 

-167 



(1) 


30h - 167 - 


T555 


+0+U)- 


(100 + 60 + 7) 


(2) 


n 


(300 


+ 0 + (10 + 


k)) - (lOO + (10 + 60) + 7) 


(3) 


n 


(300 


+ 0 + lU) - 


(100 +70+7) 


(1*) 


m 


O 

o 


+ (100 + 0) 


+ lli) - ((100 + 100) + 70 + 


(3) 




(300 


+ 100 + lU) 


- (200 +70+7) 


(6) 


m 


(300 


- 200) + (100 - 70) + (lit - 7) 


(7) 


n 


100 ^ 


•30 + 7 




(8) 


- 


137 
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In what way did we use renaming? (11) . In Step (1) e.go, we 

renamed 16? as 100 + 60 ♦ ?, in what way did we use the rule of equal- 
additions? (12) 

In Step (2) we added ten to the resultant and to the given addend. In 
Step (ii) we added a hundred to the resultant and to the given addend. In 
Step (6) we used what "game rules" in addition to the rule of subtraction? 

(13) Yes, we used reversibility and arrangement for 

addition. Finally, what process did you use to get an answer? 

Of course you constructed the sumt 

Performance Task 

Demonstrate the solution to this problem using the algorithm of equal- 

additions. Make use of your chips. Also, demonstrate the solution in 

horizontal form and identify the game rules that you used. 

Ul6 
-277 

Answers for the Perf oi mance Task 
lil6 - 277 « (1;00 + 10 + 6) - (200 + 70 + 7) 

*= (UOO + 10 + (10 + 6)^ - (200 + (10 + 70) + 7) 

® (UOO + 10 + 16) - (200 +80+7) 

» (UOO + (100 + 10) + 16) - ^(100 + 200) + 80 + *^ 

« (Uoo + no + 16) - (300 + 80 + 7) 

= (Uoo - 300) + (110 - 80) + (16 - 7) 

** (100 + 30 ) + 9 
« 130 + 9 
« 139 



Renaming 

Rule of Equal- 
Additions 
Addition 

Rule of Equal- 
Additions 
Addition 

Rule of Subtrac- 
tion and Reversi- 
bility (Sc Arrange- 
ment for Addition 
Subtraction 

Addition 

Addition 
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appraisal 



The following is an Ulustration of one method of 
wo whole niibors! Suppose we wished to find the produot of 2U and 3. Tho.s is 

ow w0 would procQsds 



2h 

x3 



a 



a 



(20 


4" 


h) X 


3 


(20 


X 


3 ) + 


(h : 


60 

( 


4* 


(10 


o N 

T C.J 


( 6o 


4* 


“i n\ 

mL.yj' f 


+ 2 


70 


-> 


2 




72 










NOW show how you would use this ^ procedure to find the produot of 
lU and 6o 



lU 

x6 












o 
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T 4 . called upon to provide an explanation of this method of 
multiplication using some kind of physical objects such as blocks or chips. Make 
a series of drawings to illustrate your expHanation. The first drawing, showing 
the objects, might look something like this 8 



X X X X X X X 
X X X X X X X 

X X X X X X X 
X X X X X X X 

X X X X X X X 
X X X X X X X 

X X X X X X X 
X X X X X X X 

X X X X X X X 
X X X X X X X 

X X X X X X X 
X X X X X X X 

First Drawing 
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We would be able to agree that the produet of Ik and 6 is a whole number be* 
cause Ik and 6 are each whole numbers and because we have a certain game rule® 
Which game rule would we be using? . 



An explanation of this multiplication procedure was provided by. someone else 
and his explanation in terms of our game rules is given belowo However^ there is 
one game rule which has not been identified <> • Your task is to supply the missing 
infonhationo 



2U X 3 

(20 + U) X 3 



Given 

Writing an expanded numeral for 2k 



(20 V fh Y 



Multiplication is distributivs ov 
addition 



OO t* ^ XU -r 



r\ \ 



(60+10) + 2 



Writing another name for products 
* 



70 + 2 



Writing another name for sum of 

+ 10 ) 



72 



Writing contracted numeral 



Notes Regrouping is net an acceptable gam® rule^ The game rules we have 

to use include closure , reversibility or eoamutativltyp arranging ©r • 
associativity^ identity^ and Inver 3e« 



There are few adults who have not observed the unusual character of the 
number zero when performing the operation of addition* For example , 6 + 0 ■ 6 
and 0 + 27 ■ 27o What have we named this particular game rule? 
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:r-C3 CZX4SSSX3£X: 



n- 



.-? 



+_■ i.^'‘* *Pl^<^se wo wercsi constimcting sians with Ixntegera^ nombirs sueh ng 0, \p ”l, 

ked to shdr how to fO&gt^t tho m tf ^4 and **3< 



. 2^ and so on<> iSonoone was agked 
’ Tlds ia the prpoeduir '0 he Wrotde 

i 



k •«■ 3 



(*l + *3) + "3. 



'*'1 + (*3 * ' i ) 



1 + 0 



whieb *f the gan# rij-ss weald Ws b« alSle to BjQolaiji {*3 ♦ = Ot 



# 

Whan agkid to prrovide an explanation of this addition procedure in ten&s of 
the gane ruXosi this is what was previdedd 



k “3 



Given 



<‘‘i + * 3 ) + ~i 



*r 

Writing another name for h 



*"1 C3 + “3) 



1 + 0 



Tour task is to supply the missing game rules, 



!lgad the following descriptions of objectives and identify those which are 
behavioral objectives by placing a check (v) before those which are behavioral# 



It, The student will acquire a better understanding of the addition procqsso 



2 6 The student will demonstrate a process for finding^ the epsetiest is£ two 
natural numbers # 



3* The student ir.Lll constnict a bar graph given a table of data# 
ltd The student w;ill gain insight into the solution of equations 6 
S>* The student willl inductively discover and use the properties of numbers « 
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^ student performance And then insert the 
correct action verb in the statemei.b of the objective » 



19 to illustrate a procedure for finding the product of 

12 and 7o The student said nothing but did write • 



12 

x7 

"7CT 

11 ; 

81; 



Objectives The student will be able to 

finding the product of two wnoie nljnberso 



a procedure for 



i 1 ^1 student is asked to select the largest number, given the set 
1 U' student says nothing but writes 



Objectives The student will be able to 



fraction, given several fractional numerals* 



the largest 



aotion verbs we teve agreed to use include identify, name, construct, 
dStS^sh! applying a rule, stating a rule, interpret, and 
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APPENDIX C 

ALGORITHn/IS PROCESS HIERARCHY 



'■f. 



■ Y/ • 






■■ 



Constructing a convincing 




Constructing an explanation 


explanation for each pro- 




for each procedure in an 


cedure in an algorithm that 




algorithm that appeals to 


appeals to observations based 




agreed upon rules of the 


upon physical situations. 




"convincing game." 



Demonstrating the procedures 
of an algorithm as they would 
be carried out by a machine. 






j Subtractir 
J IncegeLs 

"“"f" 



— *• 

^ 9\o“t 



I 

• Multiplying | 



I— — — — L — — -r-j 

! Adding rational 
I positive numbers \ 

LL I 



=tr 



rational | 



r 

I Dividing 
I positive numbers 

L_ 



Tl.. 

J Subtracting' 
rational 
J positive 
! numbers 



S’! 



integers ^ 



I r* 



* — ^ — ^*1 
• Adding ^ 

! integers . 



T 



I Multiplying rational 
I positive numbers 



□L 



I ; 



Dividing whole 
numbers 






^ t , 

Multiplying j 



I 

I whole 
I 



numbers 



Subtracting 
whole numbers 



* I 



Adding whole 
numbers 

□”T 



*1 

I 

I 



notructing an explanation for 
ch procedure in an algorithm 
r finding the number of members 
i a collection that appeals to 
iservations based upon physical 
.tuations. 



Identifying, naming and 
describing game rules. 



demonstrating the correspondence 
procedures for naming the number 
pf members in a collection as 
;hey would be carried out by a 
la chine. 



Identifying, naming and 
describing the '^inverse'* 
game rule. 



Identifying, naming 
and describing the 
'•identity'* 
game rule. 



Identifying, naming 
and describing the 
"reversibility" 
game rule. 



1 



Identifying, naming 
and desci'Lbing the 
"closure" 
game rule 



Each operation in a set of numbers is represented 
by a triplet of objectives as follows: 



jnatructing a convincing explanation 
>r each procedure in an algorithm 
>r the operation in the set of numb- 
rs that appeals to observations 
loed upon physical situations. 



Constructing an explanation for 
each procedure in an algorithm 
for the operation in the set of 
numbers that appeals to agreed 
upon rules of the "convincing 
game." 



• 1 


L 




Demonstrating the procedures of 
an algorithm for the operation 
in the set of numbers as they 
would be carried out by a 
machine. 



Identifying, naming 
and describing tie 
'•distributive" 
game rule. 



Identifying, naming 
and describing the 
'•arrangement** 
game rule. 



Identifying, naming 
and describing the 
"two operation" 
game rule. 



Identifying, naming and 
demonstrating the various 
operations which can be 
performed with the objects 
of the game. 



Identifying and naming the 
collection of objects to 
be used in the game. 
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Instrucvdonal Observation Data Sheet 

sssion Observer 

ie Group 



.me in 
.nutes 


Instructor* s 
Questions 


Instructor* s 
Responses 


Instructor Lecture 
and Directions 


Student 

Quest* 


Student! 

Resp* 


Nothing 


Comment 




























































































